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Abstract
The propagation of waves along elastic half-spaces and plates has long been an active research
area with lots of applications in seismology and modern industries. Much attention has been paid
to the study of wave propagation in a linear isotropic solid with traction-free or fixed boundary
conditions. However, much more investigation is deserved for anisotropic solids under other
type of boundary conditions, or even a solid with a hump on its surface.
The purpose of the thesis is to investigate the influence of the elastic property and profile of
propagation media and boundary conditions on wave speeds, and predict the wave speed in var-
ious situations. Chapter 1 is devoted to introducing the governing equations and several specific
materials used as examples in subsequent analysis. Chapter 2 is concerned with the propagation
of free surface waves on an elastic half-space that has a localized geometric inhomogeneity per-
pendicular to the direction of wave propagation (such waves are known as topography-guided
surface waves). We use the Stroh formalism to examine how such hump modifies the surface
wave speed slightly on an anisotropic elastic half-space. In Chapter 3, an asymptotic model
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is constructed to predict the speed of waves propagating along a thin elastic plate with elasti-
cally restrained boundary conditions (ERBC). The Stroh formalism is again applied to deal with
general anisotropy, which can be specified later to analyze the case of linear isotropy and the
transverse isotropy. Chapter 4 deals again with the case of a thin plate with ERBC as in the
previous chapter, but the effects of pre-stress and the condition of incompressibility are also
considered.
Keywords: Trapped modes; guided waves; anisotropic; Stroh formalism; surface waves;
elastic half-space; thin plate; elastically restrained boundary conditions; pre-stress.
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Introduction
Surface waves
A surface wave is a wave propagating along a free surface, for which the associated displace-
ment and traction decay away from the surface. Surface waves were first investigated within
the context of seismology, but have more recently found application in signal processing, non-
destructive testing (NDT) and many high-tech devices.
Within seismology, a seismic wave travels through the Earth, often as the result of an earth-
quake or explosion. When seismic waves are generated at or near the surface of the Earth, both
body (P and S) and surface (e.g. Rayleigh, Love) waves are generated. Body waves propagate
through the whole solid body of the Earth, whereas surface waves only propagate along (or near)
the surface of the Earth. Love waves have transverse motion (movement perpendicular to the
direction of travel), whereas Rayleigh waves have both longitudinal (movement parallel to the
direction of travel) and transverse motions. The velocity of the Rayleigh wave is strictly smaller
1
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than the speed of either body wave. For isotropic materials the P - wave always has a larger
speed than the S - wave and this is the first arrival detected for earthquakes. The existence of
real body wave speeds is guaranteed by the strong convexity condition and strong ellipticity
condition, as demonstrated in Chapter 1. Seismic surface waves span a wide frequency range,
and the period of waves that are most damaging is usually 10 seconds or longer. Seismic surface
waves can travel around the globe many times during the largest earthquakes.
In signal processing, a surface acoustic wave (SAW) can be generated by SAW devices,
which are composed of two transducers with interdigital transducers (IDT) of thin metal elec-
trodes placed on a piezoelectric substrate, such as quartz or lithium tantalite. One of these acts as
the device input and converts signal voltage variations into mechanical surface acoustic waves.
The other IDT acts as an output receiver to convert mechanical SAW vibrations back into output
voltages.
SAW devices have been used previously as sensors for temperature, pressure (in intelligent
tyres), force, electric voltage, humidity and gases. Most of these devices are based on detecting
the change in the phase velocity of the SAW caused by the fluctuations of the above factors. They
have also been used in gyroscopes to stabilize vehicles and camcorders. SAW convolvers find
their application in indoor/outdoor spread-spectrum wireless for packet-data and packet-voice
communications. They are also well suited to combat multi-path interference due to spurious
reflections in indoor environments.
In many non-destructive evaluation (NDE) problems, people use Rayleigh surface waves
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in the ultrasonic frequency range to help detect cracks and other material imperfections. The
advantages of using Rayleigh waves for non-destructive testing, over other types of wave, are
considered to be their high sensitivity to surface flaws and their longer propagation distance.
Literature review on the surface wave problem
Lord Rayleigh (1885) was the first to show that the plane traction-free surface of an elastic
isotropic half-space could support a surface wave, for which displacement and traction decay
exponentially, for harmonic time dependence, with depth below the surface. Synge (1956) stud-
ied the case for elastic waves in anisotropic media, but concluded incorrectly that surface waves
could only propagate in some exceptional directions. The main problem in the linear theory of
surface waves lies in existence and uniqueness, namely whether a half-space can support a sur-
face wave and, if it does, whether the surface-wave solution is unique. With the help of the Stroh
formalism (Stroh 1958,1962), Barnett et al. (1973) firstly proved uniqueness; Barnett and Lothe
(1974) provided a first existence proof, and Lothe and Barnett (1976) provided an alternative ex-
istence proof. These results were later polished and presented in terms of the surface impedance
matrix in their later paper (Barnett and Lothe, 1985). The review article by Chadwick and Smith
(1977) and the book by Ting (1996) give detailed descriptions of the subject. A discussion on
a new identity satisfied by the surface impedance matrix is given by Fu and Mielke (2002), and
with the use of this identity, Mielke and Fu (2003) gave a more direct proof of uniqueness that
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is independent of the Stroh Formalism.
Other related localization phenomena have also recently been investigated. Zernov et al.
(2006) studied the problem of elastic waves trapped at the edges of a semi-infinite strip to pro-
vide a semi-analytical proof for the existence of edge resonance. Gridin et al. (2005 a,b) and
Kaplunov et al. (2005) studied trapped elastic waves in elastic plates, shells and rods. They
showed that modes can be trapped in regions of either high local curvature or thickness varia-
tion. Burridge and Sabina (1972 a,b), using the finite element method, considered three kinds
of ridge-like defects on the surface: a tall square plate, a tall rectangular plate, and a dovetail
plate. Numerical simulations indicate that a wave seems to be trapped within the plate on the
surface, propagate along it and is unattenuated in the direction of propagation. Bonnet-Ben Dhia
et al. (1999) and Duterte and Joly (1999) proved the existence of the topographically trapped
Rayleigh waves in an isotropic homogeneous elastic half-space.
Guided waves are traveling waves whose transverse energy is concentrated essentially in the
disturbed zone of the half-space. Much research has been carried out concerning the guiding of
surface waves by topography, curved surface or material inhomogeneities in isotropic materials.
However there is very little work on such problems associated with generally anisotropic elastic
materials. The problem that we consider in Chapter 2 is that of guided waves in a generally
anisotropic elastic half-space whose free surface is not flat, but has a localized hump in the
direction transverse to that of wave propagation. The traction-free surface condition is applied
on the entire humped surface. Our objective is to develop an asymptotic method to capture this
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trapping effect, not for plates of high aspect ratio attached to a semi-infinite half-space, but for
smooth perturbations to the semi-infinite half-space, and then to present a convenient way to
calculate the perturbed wave speed. The work outlined in Chapter 2 formed the basis of a recent
publication, see Fu et al. (2012).
A surface wave solution is very closely related to a trapped mode, in the sense that prop-
agation energy is confined to within a few wavelengths of the free surface. At the same time
as the extension of Rayleigh’s classical surface wave solution was made to anisotropic elastic
and/or viscoelastic materials, much interest was also shown in trapped modes around thin rect-
angular plates, wedges, or similar structures attached to a half-space. There are two important
limits corresponding to this geometrical set-up. When the rectangular plates are thin and long,
the trapped modes are expected to be localized near the free edge and the associated modes are
also known as edge waves. Edge wave propagation forms an important branch of applied math-
ematics and was seemingly first studied by Konenkov (1960). When the extrusions are flat and
small, we expect the trapped modes to be the classical surface wave mode slightly modified by
the geometrical inhomogeneity. It is the latter scenario that we are studying in this thesis.
Topography guided surface waves
In Chapter 2 we investigate topography guided surface waves. This work is partly motivated by
the recent series of studies by Kaplunov et al. (2005), Gridin et al. (2005a, b), Adams et al.
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(2007), Postnova and Craster (2007, 2008), in which a multiple-scale approach was fruitfully
used to study trapped modes in a variety of problems, but with attention invariably focussed
on isotropic materials. We however demonstrate that the same methodology, coupled with the
Stroh formalism, can be used to extend these studies to their anisotropic counterparts.
In Chapter 2, after formulating our problem of surface wave propagation, we present and
solve the leading-order and second-order problems in the subsequent two sections, respectively.
In Section 2.4, we write down the third-order problem and obtain the amplitude equation by
imposing a solvability condition. After demonstrating in Section 2.5 that our formulation can
recover the isotropic results of Adams et al. (2007), we solve our amplitude equation in Section
2.6 numerically. Illustrative examples are given which demonstrate a rich variety of behaviour
associated with anisotropy: we may have zero, a single or multiple topography-guided solutions,
and the associated speed may be higher or lower than the speed corresponding to that of a flat
surface.
In carrying out our research we have extended Adams et al. ’s (2007) research to anisotropic
materials using Stroh formalism. Inspired by Song and Fu (2007) and Adams et al. (2007),
we introduce an infinitesimal quantity ε within the equations of motion and boundary condi-
tions and establish problems at the first three orders. The amplitude equation is derived, and
we confirm that our equation is equivalent to that of Adams et al. (2007) when specialised to
the isotropic case. We establish that for anisotropic materials the amplitude equation is in the
form of a Schro¨dinger equation, thus with the help of previous research the value of the asso-
INTRODUCTION 7
ciated eigenvalue is analytically given. Additionally, the existence, the number and sign of the
eigenvalues can be deduced, again extending the work of Adams et al. (2007). We are able
to draw the same conclusion as Adams et al. (2007), namely that the eigenvalue is dependent
on the wave number, which means that on a given wave number, the eigenvalue can be solved
numerically.
Layered media
Layered media occur frequently in both Nature and high technology industry. The Grand
Canyon in America, a magnificent geological museum, shows the life of the Earth vividly
through layers of sedimentary rocks of different ages on the cliff walls, see Figure 1. The rock
layers are usually referred to as stratum, which, interestingly enough, share the same structure
(transverse isotropy) with annual rings of tree trunks. In transverse isotropy, each layer has the
same properties in-plane but different properties in direction normal to plane. The plane of each
layer is the plane of isotropy and the vertical axis is the axis of symmetry. The Grand Canyon
gives people a chance to see a slice of real Earth structure, and in research, the stratum can be
modelled as layers of infinite elastic plates possessing different physical properties. Petroleum
and natural gas may exist in the ancient forest layers. In petroleum exploration, some scientists
use surface waves (Rayleigh waves) to investigate surface layer structures. Researchers first
study wave propagation in single layered materials before they extend their research to multi-
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layered composites. Rayleigh (1889) and Lamb (1917) were the first to study wave propagation
in a linear isotropic elastic plate with traction-free surfaces.
Figure 1: Grand Canyon, source: http://en.wikipedia.org/wiki/File:USA_
10052_Grand_Canyon_Luca_Galuzzi_2007.jpg
Layered media finds applications in high technology industry. Some layered composite
membranes receive wide attention as biomaterials. In architecture, some multi-layer composite
makes a very stiff and stable material that provides excellent erosion resistance and insulation of
sound or heat. There are also other applications in thermo insulation. With the help of Layered
Composite Insulation (LCI) technology, not only the transportation of fluids such as liquefied
natural gas, refrigerants, chilled water, crude oil, or low-pressure steam, but also that of food,
medicine, and other perishable commodities, has been made ever easier through advanced re-
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frigerated containers. One can also find layered composite in both military and civil aircrafts,
such as wing and tail sections, propellers and rotor blades.
Literature review on Elastically Restrained Boundary Condi-
tions and dispersion
In real world problems, most layers interact with their surroundings. For example, the wall of
a human artery is supported by tissue. It is difficult to model the interaction between a layer
and its surroundings, but in theory it is helpful to consider two extremes first: elastic bodies
in vacuum (or air) and soft body in a stiff enclosure. The former is essentially the stress-free
(Neumann) boundary condition: by setting the surface traction to be zero, the problem is greatly
simplified, see Rayleigh (1889) and Lamb (1917). The second scenario is the fixed (Dirichlet)
boundary condition which implies vanishing of the displacements at the boundary. For instance,
a coal seam can be modelled as fixed faces because it is surrounded by much stiffer rocks, see
Liang et al. (1993). In reality, a lot of scenarios fall in between these two and may therefore be
regarded as somewhere between these two extremes.
Much work have been carried out in respect of these two limiting cases mentioned above,
with relatively little attention paid to the transitional case. Intuitively a good approximation of
the transition can be obtained by assuming that the layer boundaries are subject to a Hooke-type
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law, meaning that the boundaries are elastically restrained. With this idea in mind, Mindlin
(1960) extended Rayleigh and Lamb’s research to an isotropic elastic plate with elastically re-
strained boundary conditions (ERBC) in the normal direction. However his study is limited to
the analysis of a grid of bounds for dispersion curves. Achenbach (1969) applied an iterative
procedure to study free and forced vibrations of elastic layer. Graff (1991) called it the mixed
boundary condition, which enabled him to separate the vector problem into two scalar problems
and obtain the Rayleigh-Lamb spectrum.
When boundary conditions are applied, an implicit relationship between phase speed (or
frequency) and wave number, usually termed as the dispersion relation, is derived. Dispersion
relations are typically transcendental equations and can generally be transformed to be either
real or pure imaginary. Thus, it is convenient to use numerical analysis to obtain an infinite
number of solutions arising from such dispersion relations at each wave number. The branches
with a finite wave speed in the long wave (low wave number) region are termed fundamental
modes, with all other higher branches termed harmonics. Long wave motion in elastic layers are
thus separated into two types: low frequency and high frequency.
The long wave low frequency asymptotics describe the fundamental mode, which is the fea-
ture of a single layer with free faces and corresponds to classical approximate theories of rods,
plates and shells, see e.g. Kaplunov et al. (2000b); Shuvalov (2000); Poncelet et al. (2006). The
long wave high frequency asymptotics describe thickness variations and are of great importance
for layers with fixed faces, where the classical long wave low frequency modes do not exist,
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indicating that energy will propagate only with higher modes, see Kaplunov (1995). This is
how the waveguides of Dirichlet boundary conditions, known as high-pass filters, work. Lamb
(1917) first considered wave propagation in an isotropic plate with higher (non-fundamental)
modes. In static problems, only long wave motion of the fundamental mode exists; in the dy-
namic case, there are long wave low frequency, long wave high frequency and short wave high
frequency aspects. To simplify the subsequent analysis, the dispersion relation may be decom-
posed into symmetric and anti-symmetric components, provided that the material symmetry and
the symmetry of boundary conditions are ensured. Connor and Ogden (1995, 1996) studied
wave propagation in an incompressible elastic layer subject to a simple shear deformation, for
which it is impossible to decouple the dispersion relation into symmetric and anti-symmetric
parts. Fu (2007) studied the case of one fixed and one free face boundary condition, a problem
which again did not allow the decomposition into symmetric and anti-symmetric parts is not
possible.
The effect of anisotropy and pre-stress on long wave high frequency motion has previously
been analyzed by a number of researchers; for example, Kaplunov et al. (2000a) studied a three
dimensional transversely isotropic elastic plate. In long wave high frequency motion, it is worth
noting that the cut-off frequencies of two different modes may coincide with each other, see
Werby and Uberall (2002). As a result, special quasi-linear expansions need to be developed, see
Nolde et al. (2004); Shuvalov and Poncelet (2008). But these asymptotics are not uniform with
respect to parameters that affect long wave frequency limits. Moukhomodiarov et al. (2010)
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presented uniform asymtotics to overcome this problem.
Outline and contribution to the ERBC problem for anisotropic
plates
Chapter 3 deals with wave propagation in an anisotropic plate with ERBC. In Section 3.1, ERBC
in the two dimensional case is formulated and with the help of the Stroh formalism, the disper-
sion relation is derived. After adjusting the parameters to make sure that the boundary conditions
are the same on both the top and bottom faces, and we are able to separate the dispersion rela-
tion into anti-symmetric and symmetric modes. In the subsequent analysis, in order to reduce
the parameter space, we consider particular types of ERBC which depend on a single parameter.
In Section 3.2, by taking the long wave limit of the dispersion relation, we obtain two families
of solution branches associated with different cut-off frequencies: thickness shear resonance
frequencies and thickness stretch resonance frequencies. After correlating the magnitudes of
the single boundary parameter with the scaled wave number, the asymptotic expansions of the
frequencies or the speeds are obtained. Section 3.3 involves the behavior of anti-symmetric and
symmetric fundamental modes and the derivation of the asymptotic expansion of wave speed in
the short wave limit. In Sections 3.4 and 3.5 we consider a numerical analysis for linear isotropic
materials and transversely isotropic materials, respectively.
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The asymptotic expansions derived in Chapter 3 are shown to give an excellent approxi-
mation to the numerical solutions. The results for a linear isotropic material are successfully
recovered and shown to agree with those of Moukhomodiarov et al. (2010). In Section 3.5,
the cut-off frequencies of two different families, which coincide, are investigated. A uniform
asymptotic expansion is developed, providing much better approximation to numerical results
than that of classical asymptotic expansion. Within Chapter 3 we have extended Moukhomodi-
arov et al. (2010) to anisotropic materials using Stroh formalism. The dispersion relation and
subsequent asymptotic expansions are derived for a more general case.
Literature review on rubber-like materials and pre-stress
Rubber and rubber-like materials find some of their popular industrial applications in modern
construction, due to their ability to withstand large strains and then recover elastically. For
example, in transport suspensions, bridge bearings and spring mountings, rubber and rubber-
like materials are widely used, see Hirst (1969), Torr (1969) and Crawford (1985). Also, rubber
and rubber-like materials play a key role in base isolation, which is a cost effective technique
for protecting buildings and bridges from earthquakes using highly elastic bearings, see Tyler
(1991), Sheridan et al. (1992) and Prendergast (1995). Thus, it is of inrerest to study the
mechanical properties and behaviour of rubber and rubber-like materials.
The elastic response of rubber is usually treated as homogeneous and isotropic. Rubber-like
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materials are often regarded as slightly compressible or fully incompressible, because volume
changes are very small for most deformations, see Ogden (1984, p.488). The constraint of in-
compressibility largely simplifies the analysis. Ogden and Roxburgh (1993) and Roxburgh and
Ogden (1994) considered plane incremental waves and vibrations in incompressible and com-
pressible elastic plates with free faces, respectively. Rogerson (1997), Sandiford and Rogerson
(2000) and Nolde et al. (2004) investigated two dimensional motion for a plane wave travelling
along principle axes of deformation for incompressible, nearly incompressible and compressible
plates, respectively. Pichugin and Rogerson (2002) extended these results to three dimensional
motions parallel to the faces of the layer. Nolde and Rogerson (2002) and Kaplunov and Nolde
(2002) studied incompressible and nearly incompressible plates with fixed faces, respectively.
The term pre-stress is used to describe an initial deformation and suggests the presence of
stress prior to wave propagation. The term pre-stress usually indicates that the media is subject
to high external loads. In non-linear theory, Green and Adkins (1960) and Green and Zerna
(1954) proposed a complete theory for finite deformations, but their approach made dynamic
analysis very algebraically complicated. To simplify analysis of structure under large initial
stress, the incremental deformation theory was introduced by Biot (1965) to describe infinitesi-
mal incremental motion of finitely and statically deformed bodies. To linearize the equations of
motion, it is necessary to separate the large static homogeneous deformation from the infinites-
imal time-dependent motions. This is done by expanding the stress as a Taylor series about the
initial deformed state. Biot (1965) derived incremental governing equations for both initially
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isotropic and orthotropic media. Green et al. (1952) also developed the static framework of
incremental deformations superimposed on finite strains.
There are several papers dealing with the asymptotic modeling of the effects of pre-stress on
the plane strain dynamic response of an incompressible initially isotropic layer with free faces,
see Kaplunov et al. (2000b) (2001a) (2001b) and with fixed faces, also see Nodle and Rogerson
(2002). In this thesis, we will focus on the effects of pre-stress on an incompressible layer with
elastically restrained boundary conditions. Ogden and Roxburgh (1993) studied wave propaga-
tion in a pre-stressed incompressible plate finite in all directions, derived the dispersion relation
and discussed the influence of pre-stress on the dynamic stability of the plate. However they did
not discuss the asymptotic behaviour of the dispersion relation in the long wave and short wave
regimes. Rogerson and Fu (1995) derived long and short wave asymptotic expansions for the
dispersion relation up to third order, and the expansions were shown to be in good agreement
with numerical solutions.
Outline and contribution to the ERBC problem for a pre-stressed
incompressible elastic plate
In Chapter 4, we study wave propagation in a pre-stressed incompressible plate with ERBC,
using a similar procedure to that employed in Chapter 3. The difference is that the elastic
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moduli are modified by the effect of pre-stress, and the use of a neo-Hookean strain energy
largely simplifies the subsequent analysis. We present the derivation of dispersion relation in
Section 4.1 and long wave analysis in Section 4.2. In Section 4.3, we additionally present results
of harmonics in short wave analysis. We use the Stroh formalism, deviation from Rogerson and
Fu (1995), to study a pre-stressed incompressible plate. The investigation in respect of ERBC
in our analysis extends the previous work carried out by Edmondson and Fu (2009).
Chapter 1
Basic equations and preliminaries
In this chapter, we derive equations of motion for both linear elasticity and pre-stressed incom-
pressible elasticity and introduce some specific materials which are used as examples in our
subsequent numerical analysis: the linear isotropic material, the transversely isotropic material,
the cubic material, neo-Hookean material and Mooney-Rivlin material. In the first part of this
chapter, stemming from different strain energy functions, we arrive at different constitutive rela-
tions. In linear elasticity, with the use of the corresponding constitutive relation and linear mo-
mentum principle, the equations of motion are derived. In pre-stressed incompressible elasticity,
the configuration of a pre-stressed body is first presented, and then an incremental stress tensor
is introduced. As we expand the corresponding constitutive component of the stress tensor into
a Taylor series, the first order instantaneous elastic moduli Ajilk are obtained, which, together
with the linearized incompressibility constraint, facilitate the process of deriving a linearized
17
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form of equations of motion. We consider the neo-Hookean strain energy function as a model
for rubber-like materials. In the two dimensional plate problem, the first order instantaneous
elastic moduli, and thus the equations of motion, are significantly simplified for neo-Hookean
materials. In the derivation of the linearized boundary condition, Nanson’s formula is intro-
duced to convert the incremental surface traction into the form required. In the second part of
this chapter, we present the classical Rayleigh wave problem for an isotropic elastic half-space
with flat surface. We also present three models which will be used for numerical calculations
and comparisons of numerical and asymptotic results throughout the thesis.
1.1 Governing equations
1.1.1 Linear elasticity
We begin by reviewing the governing dynamic equations of linear elasticity. For a more detailed
discussion of the derivation, the reader is referred to Love (1944). For a linear elastic material,
the strain energy function W may be presented as a quadratic function of the strain components,
taking the general form
W =
1
2
cijkleijekl, (1.1)
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where the cijkl are the Cartesian components of fourth order elasticity tensor and eij components
of the infinitesimal strain tensor, defined by
eij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
)
≡ 1
2
(ui,j + uj,i). (1.2)
Here, and hereafter, we use the summation convention on repeated suffices, a comma indicates
differentiation with respect to the associated spatial components and ui are the components of
infinitesimal displacement, relative to a fixed rectangular Cartesian system (x1, x2, x3).
We assume that the elastic moduli obey the symmetry relations
cjikl = cklij = cijkl = cijlk, (1.3)
and also satisfy the strong convexity condition
cpqrsSpqSrs > 0, ∀ non-zero real symmetric tensors S. (1.4)
We note that the strong convexity condition implies the weaker strong ellipticity condition
cpqrsapbqarbs > 0, ∀ non-zero real vectors a, b. (1.5)
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Using these symmetries, together with the relation
σij =
∂W
∂eij
, (1.6)
where σij are components of the stress tensor, enables us to establish the constitutive relation
σij = cijklekl = cijkluk,l. (1.7)
To obtain the equation of motion, we use the linear momentum principle
∫
S
T (n)dS +
∫
V
ρbdV =
∫
V
ρu¨dV, (1.8)
where T (n) is the surface traction vector, defining the force per unit area across a plane with
outward unit normal in the direction n, b is the body force per unit mass, ρ is the mass density, a
superimposed dot indicates differentiation with respect to time and dS and dV denote elements
of area and volume, respectively.
The surface traction may be expressed as
T
(n)
i = σijnj. (1.9)
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Substitution of (1.9) into (1.8), together with use of the divergence theorem, reveals that
∫
V
σij,jdV +
∫
V
ρbidV =
∫
V
ρu¨idV. (1.10)
This equation is satisfied in respect of any arbitrary volume V , and therefore the local equation
of motion is
σij,j + ρbi = ρu¨i. (1.11)
In the absence of body forces, by using equation (1.7), the equations of motion (1.11) reduce to
cijkluk,lj = ρu¨i. (1.12)
1.1.2 Pre-stressed incompressible elasticity
Configuration of a pre-stressed body
The following part of this chapter deals with non-linear elastic deformations, and the reader is
referred to Ogden (1984) for a more detailed account of the underlying theory. Consider a ho-
mogeneous elastic body B, composed of a non-heat-conducting hyper-elastic material. A purely
homogeneous static deformation is then imposed upon an initial unstressed state B0, to produce
a finitely stressed equilibrium configuration denoted by Be. Finally, a small time-dependent
motion is superimposed upon Be, resulting in the final current configuration Bt. The position
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vectors of a representative particle are denoted by their Cartesian components XA, x¯i(XA) and
xi(XA, t) in B0, Be and Bt, respectively. The position vector xi(XA, t) may therefore be repre-
sented in the form
xi(XA, t) = x¯i(XA) + ui(x¯, t), (1.13)
within which u(x¯, t) is a small time-dependent displacement associated with the deformation
Be → Bt.
The deformation gradients arising from the deformations B0 → Bt and B0 → Be are de-
noted by F and F¯ and defined by
FiA =
∂xi
∂XA
, F¯iA =
∂x¯i
∂XA
, (1.14)
respectively. Equations (1.13) and (1.14) may now be employed to deduce that these two defor-
mation gradients are related through
FiA =
∂xi
∂XA
=
∂x¯i
∂XA
+
∂ui
∂x¯j
∂x¯j
∂XA
= δij
∂x¯j
∂XA
+ ui,j
∂x¯j
∂XA
= (δij + ui,j)F¯jA, (1.15)
where the comma indicates differentiation with respect to the implied spatial coordinate in Be.
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Motion of a pre-stressed incompressible elastic body
The incompressibility constraint, which is usually referred to as an internal constraint, is im-
posed and thus every possible material deformation must be isochoric. This in turn may be
shown to imply that
J − 1 = 0, J = detF, (1.16)
throughout every possible material motion. A pseudo strain energy function is usually intro-
duced for problems involving internal constraints. In the case of incompressibility this function
is of the form
W (F ) = W0(F )− p(J − 1). (1.17)
In equation (1.17), W0 generates the constitutive part of the stress, whilst the other term, con-
strained to be zero throughout all material deformations, generates a workless reaction stress.
Furthermore, in (1.17), p is a Lagrangian multiplier and is independent of F . For incompress-
ibility, p may be interpreted as a hydro-static pressure. If we use p¯ to denote the pressure in Be
and p∗ to denote its time dependent incremental pressure, then
p = p¯+ p∗. (1.18)
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In the absence of body forces, the equations of motion are given by
πiA,A = ρ0u¨i, (1.19)
where π is the first Piola-Kirchhoff stress which, in component form, is given by
πiA =
∂W
∂FiA
, (1.20)
ρ0 is the material mass density relative to B0 and a superimposed dot indicates differentiation
with respect to time.
Upon invoking equation (1.16), we obtain
∂detF
∂FiA
= detF · tr
(
∂F
∂FiA
F−1
)
=
(
∂F
∂FiA
)
jB
F−1Bj = δijδABF
−1
Bj = F
−1
Ai . (1.21)
The first Piola-Kirchhoff stress tensor π may now be decomposed into its constitutive and reac-
tion components, as
πiA =
∂W0
∂FiA
− pF−1Ai . (1.22)
Because the Cauchy stress and the first Piola-Kirchhoff stress tensors are related through
σij = J
−1πiAFjA, (1.23)
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it is convenient to introduce an incremental Cauchy stress tensor with components χij through
(J¯−1 = 1)
χij = πiAJ¯
−1F¯jA − π¯iAJ¯−1F¯jA = ∂W0
∂FiA
F¯jA − pF−1Ai F¯jA − π¯iAF¯jA, (1.24)
where π¯iA is the value of πiA calculated from (1.22) with F replaced by F¯ and p by p¯.
We now prove that
χij,j = πiA,A, (1.25)
so that equations of motion (1.19) can be written as
χij,j = ρ0u¨i. (1.26)
Proof
Firstly, we have
∂J¯
∂Xr
= J¯ · tr
(
∂F¯
∂Xr
F¯−1
)
= J¯
∂F¯qp
∂Xr
F¯−1pq = J¯
∂2x¯q
∂Xp∂Xr
F¯−1pq . (1.27)
From this we deduce that
∂
∂x¯j
(J¯−1F¯jA) =
∂
∂Xr
(J¯−1F¯jA)
∂Xr
∂xj
=
(
J¯−1
∂2x¯j
∂XA∂Xr
− J¯−2 ∂J¯
∂Xr
F¯jA
)
F¯−1rj
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= J¯−1
∂2x¯q
∂XA∂Xp
F¯−1pq − J¯−1
∂2x¯q
∂Xr∂Xp
F¯−1pq δrA = 0. (1.28)
Due to the equilibrium equations π¯iA,A = 0 in Be, we finally arrive at
χij,j = (πiA(J¯
−1F¯jA)),j − (π¯iA(J¯−1F¯jA)),j
= πiA,j(J¯
−1F¯jA) + πiA(J¯−1F¯jA),j − π¯iA,j(J¯−1F¯jA)− π¯iA(J¯−1F¯jA),j
=
∂πiA
∂x¯j
∂x¯j
∂XA
+ 0− ∂π¯iA
∂x¯j
∂x¯j
∂XA
− 0 = πiA,A. (1.29)
We assume that the deformation Be → Bt is small. It is then appropriate to obtain a lin-
earized equation of motion by expanding everything as a Taylor series about the pre-stressed
equilibrium state Be. We remark that in the two dimensional plate problem to be discussed later,
we have k, l, i, A, k, B ∈ {1, 2}, so that ∂W0
∂FiA
has four variables.
We also note that
FkB − F¯kB = (δkl + uk,l)F¯lB − F¯kB = δklF¯lB − F¯kB + uk,lF¯lB = uk,lF¯lB, (1.30)
from which we obtain
∂W0
∂FiA
F¯jA =
∂W0
∂FiA
|F=F¯ F¯jA +
∂2W0
∂FiA∂FkB
|F=F¯ (FkB − F¯kB)F¯jA +O(ǫ2)
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=
∂W0
∂FiA
|F=F¯ F¯jA +Ajilkuk,l +O(ǫ2), (1.31)
where ǫ is a small parameter measuring the magnitude of ui,j and the tensor A is the first order
instantaneous elastic moduli tensor in Be defined by its components as follows
Ajilk = F¯jAF¯lB ∂
2W0
∂FiA∂FkB
|F=F¯ . (1.32)
We note that the moduli Ajilk have a pairwise symmetry property such as
Ajilk = Alkji, (1.33)
and satisfy the strong ellipticity condition
Ajilkcjdicldk > 0 (1.34)
for all non-zero vectors c and d satisfying c · d = 0.
Next, denoting the displacement gradient tensor (ui,j) by d and making use of the matrix
form of equation (1.15) F = (I + d)F¯ , we obtain
F−1Ai F¯jA = (F¯F
−1)ji = ((I + d)−1)ji = (I − d+ d2− d3+ · · · )ji = δji−uj,i+O(ǫ2). (1.35)
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On substituting (1.18), (1.31) and (1.35) into (1.24), we obtain
χij =
∂W0
∂FiA
|F=F¯ F¯jA +Ajilkuk,l − (p¯+ p∗)(δji − uj,i)− (
∂W0
∂F¯iA
F¯jA − p¯F¯−1Ai F¯jA) +O(ǫ2)
= Ajilkuk,l + p¯uj,i − p∗(δji − uj,i) +O(ǫ2). (1.36)
In view of the incompressibility constraint detF = 1 = detF¯ , we have
detF = 1 = det[(I + d)F¯ ] = det(I + d)detF¯ = det(I + d). (1.37)
For arbitrary scalar Λ, we note that
det(d− ΛI) = −Λ3 + IdΛ2 − IIdΛ + IIId, (1.38)
where Id, IId, IIId are the first, second and third principal invariants of the matrix d, respec-
tively, given by
Id = Trd, IId =
1
2
(I2d − Tr(d2)), IIId = detd. (1.39)
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If we now let Λ = −1, we establish that
Id + IId + IIId = 0, (1.40)
which implies
ui,i =
1
2
um,nun,m − 1
2
(ui,i)
2 − det(um,n). (1.41)
The linearized form of the incompressibility constraint is thus given by
ui,i = 0. (1.42)
With the use of (1.42), the equations of motion χij,j = ρ0u¨i can be written in their linearized
form as
Ajilkuk,lj − p∗,i = ρ0u¨i. (1.43)
We consider a hyperelastic material or Green elastic material. The most common example
is rubber, whose stress-strain relationship is usually modeled as non-linearly elastic, isotropic,
incompressible and generally independent of strain rate. Elastomers and biological tissues are
often modeled as hyperelastic materials, which are special cases of Cauchy elastic materials.
There are some well-known hyperelastic models, such as the neo-Hookean materials, Mooney-
Rivlin materials and Varga materials.
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On substituting (1.74) into (1.32), we obtain
Ajilk = µδikB¯jl, (1.44)
where B¯ is the value of B in Be. Thus, as far as incremental deformations are concerned, a
neo-Hookean material behaves as a linear material. We now provide proof of (1.44).
It is known that
I1 = Bii = (FF
T )ii = FiAFiA. (1.45)
It follows from (1.45) that
∂2W0
∂FiA∂FkB
|F=F¯= µδikδAB. (1.46)
Because
F¯jAF¯lBδAB = (F¯ F¯
T )jl = B¯jl, (1.47)
we conclude that for neo-Hookean materials, the fourth order elasticity tensor A is simply
Ajilk = µδikB¯jl. (1.48)
We assume that the axes of the (x1, x2, x3) coordinate system are aligned with the principal
directions,
x1 = λ1X1, x2 = λ2X2, x3 = λ3X3, (1.49)
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where λi is the stretch in the xi-direction. When
λ1 = λ¯, λ2 = λ¯
−1, λ3 = 1, (1.50)
we have
x1 = λ¯X1, x2 = λ¯
−1X2, x3 = X3. (1.51)
We then readily establish that
F¯ =


λ¯ 0 0
0 λ¯−1 0
0 0 1


, B¯ = F¯ F¯ T =


λ¯2 0 0
0 λ¯−2 0
0 0 1


. (1.52)
It follows that the normal stresses are the principal stresses and the stress tensor is represented
by a diagonal matrix, with principal stress on diagonal components. From now on, we non-
dimensionalize the governing equations and boundary conditions using µ as the stress scale.
For incompressible materials, the principle Cauchy stresses σi along xi-axis are given by
σi = λi
∂W0
∂λi
− p. (1.53)
CHAPTER 1. BASIC EQUATIONS AND PRELIMINARIES 32
For the plane strain problem, the Cauchy stress tensor σ is given by
σ = 2
∂W0
∂I1
B − pI = µB − pI =


σ1 0 0
0 σ2 0
0 0 σ3


=


λ¯2 − p 0 0
0 λ¯−2 − p 0
0 0 1− p


. (1.54)
It follows that in Be the pressure p¯ is related to the 22-component of σ by
p¯ = µB¯22 − σ¯2 = λ¯−2 − σ¯2. (1.55)
Measure of incremental surface traction
We now proceed to derive the linearized boundary conditions. Let an infinitesimal area element
in Be be given as nda, where da is the area, and n is the unit outward normal to the surface.
Similarly, let the same differential area element in B0 be given by ndA, where dA is the area
and n is the unit outward normal to the surface.
Now, we can form a differential volume element dv in Be by using a differential length
vector dx and taking dv = dx · (nda). Let this length vector be mapped into dX in B0, which
means
dx = F¯ dX. (1.56)
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Since we know that volume between the two configurations is related by
dv = JdV, (1.57)
we can then form the relation
dx(nda) = dv = JdV = JdXndA. (1.58)
Using (1.56) and rearranging, we find
dX(F Tnda) = dX(JndA). (1.59)
After eliminating dX from both sides, and applying the incompressibility constraint J = 1, we
obtain
F Tnda = ndA, (1.60)
which is known as Nanson’s formula in incompressible media.
During the incremental deformation Be → Bt, the plates we consider in later chapters are
subjected to the so-called Elastically Restrained Boundary Condition (ERBC). The incremental
surface traction represented by (πiA − π¯iA)nA is equivalent to χijnj with the help of Nanson’s
formula.
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1.2 Specific materials to be studied in numerical analysis
1.2.1 Linear isotropic elastic material
We note that for a linear isotropic material, for which
cijkl = λδijδkl + µ(δikδjl + δilδjk), (1.61)
where λ and µ are Lame constants, δij is the Kronecker delta, (1.4) and (1.5) yield
λ+
2
3
µ > 0, µ > 0, and λ+ 2µ > 0, µ > 0. (1.62)
Now we show that the classical Rayleigh wave speed vR(=
√
X0/ρ), which is based on isotropic
elastic half-space with flat traction-free surface, is determined by solving the cubic
X30 − 8µX20 +
8µ2(3λ+ 4µ)
λ+ 2µ
X0 − 16µ3 λ+ µ
λ+ 2µ
= 0. (1.63)
According to (1.12) and (1.61), the two dimensional problem is governed by
(λ+ µ)(u1,11 + u2,21) + µ(u1,11 + u1,22) = ρu¨1, (1.64)
(λ+ µ)(u1,12 + u2,22) + µ(u2,11 + u2,22) = ρu¨2. (1.65)
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The traction-free boundary condition is
t1 = c12kluk,l = u1,2 + u2,1 = 0, on x2 = 0,
t2 = c22kluk,l = λu1,1 + (λ+ 2µ)u2,2 = 0, on x2 = 0, (1.66)
where ti is the traction along xi axis. The surface wave propagates along the x1 axis, so we
assume that
u =

 u1
u2

 =

 U
V

 eikpx2eik(x1−vt), (1.67)
where k is the wave number and p is the eigenvalue, and by substituting (1.67) into (1.64) and
(1.65), we obtain
p1 = i
√
1− X0
µ
,

 U1
V1

 =

 −p1
1

 , (1.68)
p2 = i
√
1− X0
λ+ 2µ
,

 U2
V2

 =

 1
p2

 . (1.69)
As a result, the displacement u takes the form
u = j1

 U1
V1

 eip1x2eik(x1−vt) + j2

 U2
V2

 eip2x2eik(x1−vt).
CHAPTER 1. BASIC EQUATIONS AND PRELIMINARIES 36
By substituting into (1.66)1, we obtain j1 = 2p2, j2 = p21 − 1.
Now substituting the new form of u into the traction-free boundary condition (1.66)2, we
obtain
λ(1− p21) + (λ+ 2µ)p22(1− p21)− 4µp1p2 = 0, (1.70)
which after simplification, squaring and factorization, yields the given equation (1.63). We
remark that p1, p2 and their associated vectors can also be obtained by solving the Stroh matrix
for its eigenvalues and eigenvectors as we do in Section 2.2 for the leading order problem.
1.2.2 Transversely isotropic material
The moduli for a linear transversely isotropic elastic material are given by
cijkl = λδijδkl + µT (δikδjl + δilδjk) + α(δijmkml +mimjδkl)
+(µL − µT )(mimkδjl +mimlδjk +mjmkδil +mjmlδik) + βmimjmkml, (1.71)
within which α, β, λ, µL and µT are material constants; the unit vector m, with components
mi, is along the fibre direction regarded as uniform, see e.g., Spencer (1984). These constants
are related to the longitudinal and transverse Young’s moduli El, Et, respectively, and Poisson’s
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ratio νlt through
El = βˆ − (α + λ)
2
λ+ µT
, Et =
4µT
(
βˆ(λ+ µT )− (α + λ)2
)
βˆ(λ+ 2µT )− (α + λ)2
, νlt =
α+ λ
2(λ+ µT )
,
where βˆ = λ + 2α + 4µL − 2µT + β. In later numerical calculations, we shall take ρ =
1852 kg/m3, νlt = 0.324 and
(El, Et, µL, µT ) = (42.7, 11.6, 4.69, 6.07)× 109N/m2. (1.72)
These numerical values were given by Rikards et al. (1999) for a typical Glass-Epoxy compos-
ite.
1.2.3 Cubic material
Crystals are categorized in accordance with their structures, like lattice systems, which consist
of a set of three axes in a particular geometrical arrangement. There are seven lattice systems.
The cubic (or isometric) system is the simplest and most symmetric system. The other six lattice
systems are called hexagonal, tetragonal, rhombohedral, orthorhombic, monoclinic and triclinic.
The final material model we use for numerical investigations is the cubic material silicon with
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material constants taken from Farnell (1970):
(c1111, c1122, c2323) = (165.7, 63.9, 79.913)× 109N/m2, ρ = 2340 kg/m3. (1.73)
1.2.4 Neo-Hookean material
The strain-energy function of a neo-Hookean material is given by
W0 =
1
2
µ(I1 − 3) ≡ 1
2
µ(λ21 + λ
2
2 + λ
2
3 − 3), (1.74)
where µ(> 0) is the shear modulus, Ii (i = 1, 2, 3) is the ith principal invariant of the left
Cauchy-Green deformation tensor B(= FF T ) and λi (i = 1, 2, 3) are the principal stretches.
Under the incompressible constraint (1.16),
I3 = detB = (detF )
2 = (λ1λ2λ3)
2 = 1,which means λ1λ2λ3 = 1. (1.75)
1.2.5 Mooney-Rivlin material
The strain-energy function of a Mooney-Rivlin material is given by
W0 = C1(I1 − 3) + C2(I2 − 3) ≡ C1(λ21 + λ22 + λ23 − 3) + C2(λ−21 + λ−22 + λ−23 − 3)
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≡ C1(λ21 + λ22 + λ23 − 3) + C2(λ22λ23 + λ21λ23 + λ21λ22 − 3), (1.76)
where C1, C2 are constants.
For plane strain deformations such that λ3 = 1,
λ21 + λ
2
2 + λ
2
3 = λ
2
2λ
2
3 + λ
2
1λ
2
3 + λ
2
1λ
2
2, (1.77)
which means that in this case the Mooney-Rivlin strain-energy function coincides with that of
the neo-Hookean form.
1.3 Stroh formalism
Stroh formalism is an elegant matrix method dealing with equations of motion in terms of dis-
placement and surface traction vectors. The eigenvalues and eigenvectors of Stroh Matrix are
solved and they constitute the solutions of Stroh formalism. By substituting the solutions into
boundary conditions, the dispersion relations are derived.
The displacement u(x1, x2) is assumed to have the general form
u(x1, x2) = z(x2)e
i(x1−υt), (1.78)
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with the traction on its surface given by
t = σn1 = ci2kluk,l = (iR
Tz(h) + Tz′(h))ei(x1−υt), (1.79)
where n1 = (0, 1), and the matrices T, R, Q are defined by
Tik = ci2k2, Rik = ci1k2, Qik = ci1k1. (1.80)
We shall now define
t = −il(x2)ei(x1−υt), (1.81)
so that
−il(x2) = iRTz(x2) + Tz′(x2), (1.82)
which implies that
−il′(x2) = iRTz′(x2) + Tz′′(x2). (1.83)
Recalling the definitions (1.80), on substituting (1.78) into (1.12), we obtain
Tz′′(x2) + i(R +RT )z′(x2)− (Q− ρυ2I)z(x2) = 0. (1.84)
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It is now possible to substitute (1.83) into (1.84) to establish that
iRz′(x2)− il′(x2)− (Q− ρυ2I)z(x2) = 0. (1.85)
Equation (1.82) is now employed to establish that
z′(x2) = −iT−1RTz(x2)− iT−1l(x2), (1.86)
which on substituting into (1.85), enables us to conclude that
l′(x2) = −i(RT−1RT −Q+ ρυ2I)z(x2)− iRT−1l(x2). (1.87)
These two equations, (1.86) and (1.87), may now be incorporated into the form
iN

 z(x2)
l(x2)

 =

 z
′(x2)
l′(x2)

 , N =

 N1 N2
N3 − ρv2I NT1

 , (1.88)
where
N1 = −T−1RT , N2 = −T−1 = NT2 , N3 = −RT−1RT +Q. (1.89)
Equation (1.88), together with (1.89), is known as the Stroh formalism.
Chapter 2
Rayleigh waves guided by topography in
an anisotropic elastic half-space
In this chapter, we study the influence of a localized inhomogeneity on the speed of a surface
wave propagating along the surface of an anisotropic elastic half-space. Firstly, after a variable
transformation, the humped surface becomes flat in terms of the new coordinates. By substitut-
ing a perturbation expansion of wave speed and displacement into the equations of motion and
traction free boundary conditions, we obtain the first three orders of this system of equations.
The leading order solution is the solution for a flat surface, and at the third order, we finally
arrive at the amplitude equation, recognized as a Schro¨dinger equation, which has been much
studied in quantum mechanics and soliton theory. For an isotropic elastic half-space, we recover
previously known results of Adams et al. (2007) and find that topography-guided surface waves
42
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always exist and travel slower than the classical Rayleigh wave. For an anisotropic elastic half-
space, we demonstrate that it is possible to have zero, a single or multiple topography-guided
solutions, and that their speed may be higher or lower than the speed corresponding to a flat
surface.
2.1 Problem formulation
We consider surface wave propagation along a half-space whose surface is defined by
x2 = −h(εx3), h(±∞)→ 0, (2.1)
with xi Cartesian coordinates, h a smooth localized function and ε a small positive parameter.
The surface is of slowly varying thickness, localized in the x3-direction, see Fig. 2.1. The
x3
x2
Figure 2.1: A half-space whose surface is not flat but is a localized and slowly varying pertur-
bation. Surface waves propagate along the x1-direction.
traction-free boundary and decay conditions are
σijnj = 0, on x2 = −h(εx3), ui → 0 as x2 →∞, (2.2)
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where ni is the unit normal to the free surface.
For a surface wave propagating in the x1-direction with speed v, the dependence on x1 and t
is through x1 − vt, and so equations (1.12) and (2.2)1 may be written as
cijkluk,lj = ρv
2ui,11, −h(εx3) < x2 <∞, (2.3)
cijkluk,lnj = 0 on x2 = −h(εx3). (2.4)
The free surface is defined by x2 + h(εx3) = 0, and so its unit normal is in the direction
(0, 1, εh′(εx3)), where the prime indicates differentiation with respect to the argument εx3.
Thus, the traction-free boundary condition (2.4) may be written as
ci2kluk,l + εci3kluk,lh
′(εx3) = 0 on x2 = −h(εx3). (2.5)
We now introduce the variable transformation
x′1 = x1, x
′
2 = x2 + h(εx3), x
′
3 = εx3,
so that in terms of the new coordinates the free surface is given by x′2 = 0. We have
∂
∂x1
=
∂
∂x′1
,
∂
∂x2
=
∂
∂x′2
,
∂
∂x3
= ε
∂
∂x′3
+ εh′(x′3)
∂
∂x′2
,
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and in terms of the new coordinates, (2.3) and (2.5) become
ciαkβuk,αβ + ε(ciαk3 + ci3kα)(uk,3α + h
′uk,2α)
+ε2ci3k3(uk,33 + h
′′uk,2 + 2h′uk,23 + h′2uk,22) = ρv2ui,11, 0 < x′2 <∞, (2.6)
ci2kαuk,α + εci3kαuk,αh
′(εx3) + εci2k3(uk,3 + h′uk,2)
+ε2ci3k3(h
′uk,3 + h′2uk,2) = 0 on x′2 = 0, (2.7)
where here and hereafter Greek subscripts range from 1 to 2, and a comma now signifies partial
differentiation with respect to the primed coordinates. To simplify notation, we shall from now
on drop the primes on the coordinates.
We now look for a perturbation solution of the form
ρv2 = X0 + ε
2X1 + · · · , u = u(0) + εu(1) + ε2u(2) + · · · , (2.8)
where X0, X1 are constants and u(k) (k=1, 2, ...) are vector functions to be determined. Obvi-
ously, the solution (X0,u(0)) describes a surface wave when the surface is flat. Our aim is to find
the leading-order correction ε2X1 when the surface is specified by (2.1). We observe that the
speed correction is assumed to be of order ε2. This is due to the fact that it will be determined at
the third order of our successive approximations.
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On substituting (2.8) into (2.6) and (2.7) and then equating coefficients of like powers of ε,
we obtain, from the first three orders respectively, that
leading order:
ciαkβu
(0)
k,αβ −X0u(0)i,11 = 0, (2.9)
ci2kαu
(0)
k,α = 0, on x2 = 0; (2.10)
second order:
ciαkβu
(1)
k,αβ −X0u(1)i,11 = −(ciαk3 + ci3kα)(u(0)k,3α + h′u(0)k,2α), (2.11)
ci2kαu
(1)
k,α = −h′(ci3kαu(0)k,α + ci2k3u(0)k,2)− ci2k3u(0)k,3, on x2 = 0; (2.12)
third order:
ciαkβu
(2)
k,αβ −X0u(2)i,11 = X1u(0)i,11 − (ciαk3 + ci3kα)(u(1)k,3α + h′u(1)k,2α)
−ci3k3(u(0)k,33 + h′′u(0)k,2 + 2h′u(0)k,23 + h′2u(0)k,22), (2.13)
ci2kαu
(2)
k,α = −h′(ci3kαu(1)k,α + ci2k3u(1)k,2)− ci2k3u(1)k,3
−ci3k3(h′u(0)k,3 + h′ 2u(0)k,2), on x2 = 0. (2.14)
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2.2 The leading-order problem
The leading-order problem (2.9)-(2.10) is the classical surface-wave problem. The solution of
the leading order surface wave problem may be written in the form
u(0) = f(kx3)z(kx2)e
ik(x1−vt) + c.c., (2.15)
where c.c. denotes the complex conjugate of the preceding term, k is the wave number and
f(kx3) is a function to be determined. The depth variation z(kx2) may be represented by
z(kx2) = e
−kx2Ez(0), (2.16)
where E is a 3 × 3 matrix whose eigenvalues determine the decaying rate; see Fu and Mielke
(2002). We shall initially set k = 1, and then show at a later stage (see the discussion leading to
(2.70)) how to obtain the corresponding results when k is not unity.
On substituting (2.15) with k = 1 into (2.9) and (2.10), we find that the equations of motion
reduce to
Tz′′(x2) + i(R +RT )z′(x2)−Q(v)z(x2) = 0, 0 < x2 <∞, (2.17)
and the boundary conditions to t(0) = 0, where the reduced traction vector t is given by
−t(x2) = Tz′(x2) + iRTz(x2), (2.18)
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and the matrices T,R,Q(v) are defined by their components
Tkl = ck2l2, Rkl = ck1l2, Q
(v)
kl = ck1l1 −X0δkl. (2.19)
On substituting a trial solution of the form z = aeipx2 into (2.17), we obtain
(
p2T + p(R +RT ) +Q(v)
)
a = 0, (2.20)
so that the values of p are determined by setting the determinant of coefficient of a to zero. For
v in the subsonic interval (Chadwick and Smith 1977), none of the values of p can be purely
real. When the six values of p are distinct (as three pairs of complex conjugates), the surface
wave solution can be written as
z(x2) =
3∑
k=1
c˜ka
(k)eipkx2 = A〈eipx2〉c = A〈eipx2〉A−1z(0) = eiA〈p〉A−1x2z(0), (2.21)
where p1, p2, p3 are the eigenvalues of (2.20) with positive imaginary part, a(k) (k = 1, 2, 3) the
associated eigenvectors, c = (c˜1, c˜2, c˜3)T is a constant vector, and
〈eipx2〉 = diag{eip1x2, eip2x2, eip3x2} , 〈p〉 = diag {p1, p2, p3} , A = [a(1),a(2),a(3)].
The last expression in (2.21) then shows that in this case the matrix E in (2.16) is equal to
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−iA〈p〉A−1.
When the six values of p are not distinct, the matrix E can be determined as follows. First,
with the use of (2.17) and (2.18), the first order derivatives z′(x2) and t′(x2) can easily be written
as a linear combination of z(x2) and t(x2), thus leading to

 z
′(x2)
it′(x2)

 = iN

 z(x2)
it(x2)

 , N =

N1 N2
N3 N
T
1

 , (2.22)
the so-called Stroh formalism, with N1, N2 and N3 given by
N1 = −T−1RT , N2 = T−1, N3 = RT−1RT −Q +X0I. (2.23)
Next, we define the surface-impedance matrix M through
−t(0) = Mz(0). (2.24)
Since the half-space is homogeneous, the above relation implies that
−t(x2) = Mz(x2) ∀ x2 > 0. (2.25)
On substituting (2.25) and (2.16) into (2.22), we find that the matrix E in (2.16) and the surface
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impedance matrix are related by
E = T−1(M + iRT ), (2.26)
and that M satisfies the Riccati matrix equation
(M − iR)T−1(M + iRT )−Q(v) = 0. (2.27)
It follows from the definition (2.24) of the impedance matrix that the traction-free boundary
condition t(0) = 0 can be satisfied only if
detM = 0, (2.28)
which is the secular equation determining X0. When a root of this equation is found, a solution
of z(0) can be obtained by solving Mz(0) = 0, and the corresponding surface wave solution is
then given by (2.15) and (2.16).
Finally, we note that although (2.27) has multiple solutions, it has a unique solution for M
that is positive definite for v less than the unique surface wave speed, and this unique solution
is what should be selected in calculating the surface wave speed according to (2.28) and E
according to (2.26) (Fu and Mielke 2002).
For an orthotropic elastic half-space whose axes of symmetry coincide with the coordinate
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axes, the three matrices T,R,Q(v) take the simple forms
T =


T1 0 0
0 T2 0
0 0 T3


, R =


0 R1 0
R2 0 0
0 0 0


, Q(v) =


Q1 0 0
0 Q2 0
0 0 Q3


. (2.29)
It can also be shown that the impedance matrix M then assumes the form
M =


M1 M3 + iM4 0
M3 − iM4 M2 0
0 0 M5


, Mi ∈ IR. (2.30)
The Riccati matrix equation (2.27) can be solved exactly to give
M1 =
√
T1Q1 − T1
T2
(
R1 +R2
1 + γ
)2
, M2 = γ
T2
T1
M1,
M3 = 0, M4 =
γR1 − R2
1 + γ
, M5 =
√
T3Q3, (2.31)
where
γ =
√
T1Q2
T2Q1
. (2.32)
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The secular equation (2.28) then takes the form
√
T1T2Q1Q2 − γR
2
1 +R
2
2
1 + γ
= 0. (2.33)
For an isotropic elastic half-space, we have
T1 = T3 = µ, T2 = λ+ 2µ, Q1 = λ+ 2µ−X0,
Q2 = Q3 = µ−X0, R1 = λ, R2 = µ,
and then the secular equation, once squared, reduces to the familiar classical form (1.63).
2.3 The second-order problem
We now assume that the x3 = 0 plane is a plane of material symmetry, which is the case for
monoclinic materials. In this case we may set u(0)3 = 0. It can then readily be shown that
u
(1)
1 = u
(1)
2 = 0, and the third component u
(1)
3 must take the form
u
(1)
3 = (f
′w1 + fh′w2)ei(x1−vt) + c.c., (2.34)
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where w1 and w2, both functions of x2 only, (should not be confused with w1 and w2 in (3.31))
satisfy the following equations derived from (2.11) and (2.12):
c3232w
′′
1 + 2ic3132w
′
1 − (c3131 −X0)w1 = −ig(1) · z − g(2) · z′, (2.35)
ic3231w1 + c3232w
′
1 = −g(4) · z, on x2 = 0, (2.36)
and
c3232w
′′
2 + 2ic3132w
′
2 − (c3131 −X0)w2 = −ig(1) · z′ − g(2) · z′′, (2.37)
ic3231w2 + c3232w
′
2 = −(ig(3) · z + g(2) · z′), on x2 = 0. (2.38)
The four vectors g(1), g(2), g(3), g(4) in the above equations are defined by their components
g(1)α = c31α3 + c33α1, g
(2)
α = c32α3 + c33α2, g
(3)
α = c33α1, g
(4)
α = c32α3. (2.39)
To solve these two problems explicitly, we rewrite (2.21) in the form
zα = bαβe
ipβx2 , (2.40)
where the constants bαβ can in principle be obtained by comparing (2.40) with (2.16) and (2.21).
For instance, when the half-space is isotropic, these constants are given, to within an multiplica-
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tive constant, by
b11 = −2p1p2, b12 = p21 − 1, b21 = 2p2, b22 = p2(p21 − 1),
and
p1 = p3 = i
√
1−X0/µ, p2 = i
√
1−X0/(λ+ 2µ).
To solve the problem for w1, we first note that a particular integral of (2.35) is given by
w1 = s1e
ip1x2 + s2e
ip2x2 = sβe
ipβx2, (2.41)
where s1 and s2 are constants to be determined.
On substituting this into (2.35), making use of (2.40), and then comparing the coefficients of
eipβx2 , we obtain
sβ =
ig
(1)
α bαβ + ig
(2)
α bαβpβ
c3232p2β + 2c3132pβ + c3131 −X0
, no summation on β. (2.42)
When the material is isotropic, the denominator of (2.42) becomes zero when β = 1. This is
due to the fact that p1 = p3. In this case, (2.41) is modified to
w1 = s1x2e
ip1x2 + s2e
ip2x2, (2.43)
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with the corresponding expressions for s1 and s2 given later in Section 2.5. Numerically, the case
of isotropy can be dealt with by first considering a nearly isotropic material with e.g. moduli
given by
cijkl = λδijδkl + µ(δikδjl + δilδjk) + γδjlδi2δk2, (2.44)
and then taking the limit γ → 0.
A general solution of (2.35) is then given by
w1 = s3e
ip3x2 + sβe
ipβx2, (2.45)
where p3 is the root of
c3232p
2 + 2c3132p+ c3131 −X0 = 0
with positive imaginary part, and s3 is a disposable constant. We observe that such a p3 exists
only if c23132 − c3232(c3131 − X0) < 0, that is if X0 < ρv2t , where vt is the anti-plane shear
body wave speed. In other words, the type of topography-guided surface wave solution under
consideration only exists if the original surface wave on the associated flat half-space is subsonic.
For the composites defined by (1.71) and (1.72) with m = (cos θ, sin θ, 0)T , Figure 2.2 shows
the variation of vR(=
√
X0/ρ) and vt with respect to the angle θ. It is seen that the subsonic
condition is satisfied only for 0◦ ≤ θ < 24.37◦, or 54.67◦ < θ ≤ 90◦.
In Figure 2.3, we have shown the variation of vR(=
√
X0/ρ) and vt with respect to the
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Figure 2.2: Variation of the leading-order surface wave speed vR and anti-plane shear wave
speed vt against θ, showing that the 2D surface wave is subsonic only for 0◦ ≤ θ < 24.37◦, or
54.67◦ < θ ≤ 90◦. The unit of speed is km/s.
angle θ between the [100] direction and that of wave propagation, assuming that the surface
waves propagates on the (001) plane of the silicon material described by (1.73). In this case the
leading-order surface wave is subsonic for all the values of θ considered (Farnell 1970).
On substituting (2.45) into the boundary condition (2.36), we obtain
s3 =
ig
(4)
α (bα1 + bα2)− c3231(s1 + s2)− c3232pβsβ
c3231 + c3232p3
. (2.46)
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Figure 2.3: Variation of the leading-order surface wave speed vR and anti-plane shear wave
speed vt against θ for a silicon material, showing that the 2D surface wave is subsonic for all
values of θ.
Similarly, the problem for w2 can be solved to yield
w2 = t3e
ip3x2 + tβe
ipβx2 , (2.47)
where
tβ = −
g
(1)
α bαβpβ + g
(2)
α bαβp
2
β
c3232p2β + 2c3132pβ + c3131 −X0
, no summation on β. (2.48)
and
t3 = −g
(3)
α (bα1 + bα2) + g
(2)
α bαβpβ + c3231(t1 + t2) + c3232pβtβ
c3231 + c3232p3
. (2.49)
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Thus, under the assumption that x3 = 0 is a plane of material symmetry, the second order
problem can be solved without having to impose any solvability conditions.
2.4 The third-order problem
If we write u(2) as
u(2) = y(x2, x3)e
i(x1−vt) + c.c., (2.50)
then the unknown vector function y(x2, x3) satisfies the following equations derived from (2.13)
and (2.14)
Ty′′ + i(R +RT )y′ −Q(v)y = h(1), (2.51)
Ty′ + iRTy = h(2), on x2 = 0, (2.52)
where a prime denotes partial differentiation with respect to x2,
h(1) = −fX1z − ig(1)
{
f ′′w1 + f ′h′(w2 + w′1) + f(h
′′w2 + h′2w′2)
}
−g(2) {f ′′w′1 + f ′h′(w′2 + w′′1) + f(h′′w′2 + h′2w′′2)}
−f ′′Sz − 2f ′h′Sz′ − f(h′′Sz′ + h′2Sz′′), (2.53)
h(2) = −i (g(1) − g(3))(f ′h′w1 + fh′2w2)− (g(2) − g(4))[f ′′w1 + (f ′h′ + fh′′)w2]
GUIDED RAYLEIGH WAVES IN AN ANISOTROPIC ELASTIC HALF-SPACE 59
−g(2)(f ′h′w′1 + fh′2w′2)− f ′h′Sz − fh′2Sz′, (2.54)
and S is the matrix with components cα3β3.
It can easily be shown, by integrating by parts, that
∫ ∞
0
z¯ · (Ty′′ + i(R +RT )y′ −Q(v)y)dx2 = z¯ · (Ty′ + iRTy)
∣∣∞
0
.
Thus, the solvability condition for the inhomogeneous problem (2.51) and (2.52) is given by
∫ ∞
0
z¯ · h(1)dx2 = −z¯ · h(2)|x2=0. (2.55)
We note that a similar solvability condition can be written down for the second order problem,
but it can be shown to be automatically satisfied.
On substituting (2.53) and (2.54) into (2.55), we obtain
c4f
′′(x3) + c3h′f ′(x3) + (c2h′2 + c1h′′ + c0X1)f(x3) = 0, (2.56)
where
c0 =
∫ ∞
0
|z|2dx2, (2.57)
c1 =
∫ ∞
0
{
iw2z¯ · g(1) − w2z¯′ · g(2) + z¯ · Sz′
}
dx2 − w2(0)z¯(0) · g(4), (2.58)
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c2 =
∫ ∞
0
{
w2(−iz¯′ · g(1) + z¯′′ · g(2))− z¯′ · Sz′
}
dx2
+w2(0)g
(2) · z¯′(0)− iw2(0)g(3) · z¯(0), (2.59)
c3 =
∫ ∞
0
{
i(w2 + w
′
1)z¯ · g(1) + (w′′1 + w′2)z¯ · g(2) + 2z¯ · Sz′
}
dx2
+iw1(0)z¯(0) · (g(1) − g(3)) + w2(0)z¯(0) · (g(2) − g(4))
+w′1(0)z¯(0) · g(2) + z¯(0) · Sz(0), (2.60)
c4 =
∫ ∞
0
{
w1(iz¯ · g(1) − z¯′ · g(2)) + z¯ · Sz
}
dx2 − w1(0)z¯(0) · g(4). (2.61)
The coefficient c0 is obviously real and positive. We now show that c2 and c4 are real, but c3 is
pure imaginary and is related to c1 through c3 = 2i Im(c1). We first define a differential operator
L through
L[w1] = c3232w′′1 + 2ic3132w′1 − (c3131 −X0)w1, (2.62)
see (2.35). Then for any function v(x2), we have, by integrating by parts,
∫ ∞
0
v¯L[w1]dx2 =
∫ ∞
0
{c3232[(w′1v¯ − w1v¯′)′ + w1v¯′′]
+2ic3132[(w1v¯)
′ − w1v¯′]− (c3131 −X0)w1v¯} dx2,
=
∫ ∞
0
w1L[v]dx2 − (ic3132w1 + c3232w′1)v¯|x2=0
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+ (ic3132v + c3232v′)w1
∣∣∣
x2=0
, (2.63)
where an overbar signifies complex conjugation. With v replaced by w1, the above identity
shows that the expression
∫ ∞
0
w1L[v]dx2 + (ic3132v + c3232v′)w1
∣∣∣
x2=0
is real. With the further use of (2.34) and (2.35), we deduce that the expression
∫ ∞
0
(iw1z¯ · g(1) − w1z¯′ · g(2))dx2 − g(4) · z¯(0)w1(0)
is real. The reality of c4 then follows from this result and the fact that S is a real symmetric
matrix so that the extra term z¯ · Sz is also real.
In a similar manner, on replacing v and w1 in (2.63) by w2 and making use of (2.36) and
(2.37), we find that c2 is also real. If, on the other hand, the v in (2.63) is replaced by w2 and use
is made of (2.34)–(2.37), we obtain
∫ ∞
0
w2(iz¯ · g(1) − z¯′ · g(2))dx2 +
∫ ∞
0
w¯1(iz¯
′ · g(1) + z¯′′ · g(2))dx2
= w2(0)g
(4) · z¯(0)− w¯1(0)[ig(3) · z¯(0) + g(2) · z¯′(0)]. (2.64)
The relation c3 − c1 = −c¯1 then follows from this result after straightforward manipulations.
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Thus, on writing f in the polar form
f(x3) = r(x3)e
iθ(x3), (2.65)
where r(x3) and θ(x3) are to be determined, the complex amplitude equation (2.56) provides
the two real equations:
c4(r
′′ − rθ′2)− 2c(i)1 rθ′h′ + (c2h′2 + c(r)1 h′′ + c0X1)r = 0, (2.66)
and (
c4r
2θ′ + c(i)1 r
2h′
)′
= 0, (2.67)
where c(r)1 and c
(i)
1 are the real and imaginary parts of c1, respectively. The second equation
(2.67) can be integrated immediately, with the corresponding integration constant zero since
both f and h decays to zero as x3 → ±∞. On substituting the resulting expression for θ′ into
(2.66), we obtain
r′′ + (d2h′2 + d1h′′ + d0X1)r = 0, (2.68)
where
d0 =
c0
c4
, d1 =
c
(r)
1
c4
, d2 =
c2
c4
+ (
c
(i)
1
c4
)2.
Thus, the problem of finding the speed correction X1 is reduced to solving the eigenvalue prob-
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lem (2.68) subject to the decay conditions r(x3) → 0 as x3 → ±∞. We recall, however, that
the above eigenvalue problem as been derived under the assumption that the wave number k in
(2.15) is unity. For the case when k is not unity, we may observe that under the substitutions
kx1 → x1, kx2 → x2 and kx3 → x3, equations (2.9)-(2.14) remain the same, except that h′(x3)
and h′′(x3) should be replaced by h′(k−1x3) and k−1h′′(k−1x3), respectively. Equations (2.68)
is then replaced by
r′′(x3) + (d2h′2(
x3
k
) +
d1
k
h′′(
x3
k
) + d0X1)r(x3) = 0, (2.69)
or equivalently, with another substitution x3/k → x3 followed by r(kx3)→ r(x3),
r′′(x3) + (d2k
2h′2(x3) + d1kh
′′(x3) + d0k
2X1)r(x3) = 0, (2.70)
which shows that the speed correction is dependent on the wave number. This conclusion can
also be verified analytically by (2.76) later.
The amplitude equation (2.68) is recognized as a special case of the so-called time-independent
Schro¨dinger equation
r′′(x3) + (V (x3) + E)r(x3) = 0, (2.71)
associated with the potential well V (x3) and energy level E (a constant, which should not be
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confused with the E in (2.16)). Under the assumption that
∫ ∞
−∞
(1 + |x3|)|V (x3)|dx3 <∞
Simon (1976) and Klaus (1977) have established the following general results concerning its
negative eigenvalues.
(i) If there exists an eigenvalue when the potential well V (x3) is of sufficiently small ampli-
tude, then the eigenvalue is unique and is given by
√−E = 1
2
I − 1
4
∫ ∞
−∞
V (x3) {|x3| ∗ V (x3)} dx3 +O(δ3), (2.72)
where the star denotes convolution, I is defined by
I =
∫ ∞
−∞
V (x3)dx3,
and δ is a small positive parameter characterizing the amplitude of V (x3).
(ii) A necessary and sufficient condition for the existence of the above-mentioned single
eigenvalue is that the right hand side of (2.72) is positive. Thus, under the assumption
that the second term on the right hand side of (2.72) is one order of magnitude smaller
than the first term, this condition is I ≥ 0 (note that if I = 0 the second term on the right
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hand side of (2.72) is automatically positive; see Simon 1976, p284).
(iii) Since increasing the amplitude of a potential can only increase the number of eigenvalues
(Simon 1976, p284), the condition I ≥ 0 is also sufficient for the existence of at least one
eigenvalue even when the amplitude of V is not small.
For the special form of V in (2.68), we have
I = d2k
2
∫ ∞
−∞
h′2dx3,
and so I ≥ 0 if and only if d2 ≥ 0. However, when h is of small amplitude, h′ and h′′ are of the
same order as h, while h′2 is of higher order which should be ignored. As a result,
∫∞
−∞ V (x3) {|x3| ∗ V (x3)} dx3 =
∫∞
−∞ V (x3)
{∫∞
−∞ |x3 − y|V (y)dy
}
dx3
= d21
∫ ∞
−∞
h′′(x3)
{∫ ∞
−∞
|x3 − y|h′′(y)dy
}
dx3 +O(δ
3). (2.73)
In view of
∫∞
−∞ |x3 − y|h′′(y)dy =
∫ x3
−∞(x3 − y)h′′(y)dy +
∫∞
x3
(y − x3)h′′(y)dy
= x3
∫ x3
−∞
h′′(y)dy −
∫ x3
−∞
yh′′(y)dy +
∫ ∞
x3
yh′′(y)dy − x3
∫ ∞
x3
h′′(y)dy
= 2x3h
′(x3)− [yh′(y)− h(y)] |x3−∞ +[yh′(y)− h(y)] |∞x3
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= 2h(x3), (2.74)
we have
∫∞
−∞ V (x3) {|x3| ∗ V (x3)} dx3 = 2d21
∫∞
−∞ h(x3)h
′′(x3)dx3 +O(δ3)
= 2d21
∫ ∞
−∞
[(h(x3)h
′(x3))′ − h′2(x3)]dx3 +O(δ3)
= −2d21
∫ ∞
−∞
h′2(x3)dx3 +O(δ
3). (2.75)
The two terms in the asymptotic expansion (2.72) are of the same order of magnitude and they
combine to give √
−d0X1 = 1
2
(d2 + d
2
1)k
∫ ∞
−∞
h′2dx3 +O(δ3). (2.76)
Thus, the existence condition is in fact given by
d2 + d
2
1 > 0. (2.77)
This special case of V serves to demonstrate the fact that eigenvalues may still exist even if
I < 0 (whether V has small amplitude or not). We highlight this fact since some authors have
previously claimed that I ≥ 0 is also necessary for the existence of an eigenvalue. This claim is
only valid if the condition in italics in (ii) above is satisfied and if the potential is of sufficiently
small amplitude.
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Figure 2.4: Variation of d0 with respect to θ for the case considered in Fig.2.2
For the case corresponding to Fig.2.2, Figs.2.4-2.6 show the variations of the three coef-
ficients for values of the angle θ for which the 2D surface wave is subsonic. The blow up
behaviour corresponds to the fact that c4 vanishes at θ = 14.8◦ or 55.7◦ approximately. It is
seen that d2 is positive in both subsonic ranges (except at the two isolated values of θ where
it blows up). It therefore follows immediately from the above general results that (2.68) has at
least one eigenvalue. This fact is confirmed in our numerical calculations later. In contrast, for
the silicon material defined by (1.73), Fig.2.7 shows that d2 + d21 is negative for all values of θ,
and so the existence of eigenvalues cannot be established using the general results above.
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Figure 2.5: Variation of d1 with respect to θ for the case considered in Fig.2.2
2.5 Isotropic materials
Before solving (2.68) subject to the decay conditions r(±∞)→ 0 numerically, we first consider
the special case when the material is isotropic. This case has previously been studied by Adams
et al. (2007), using a procedure that is particularly developed for isotropic materials. We now
show that our formulae recover their results in this special case.
First, to facilitate comparison, we write X0 for X0/µ throughout this section and introduce
κ through κ =
√
(λ+ 2µ)/µ. It follows from (1.62)1 that κ >
√
4/3. Equation (1.63) can be
rewritten as
X30 − 8X20 +
8(3κ2 − 2)
κ2
X0 − 16κ
2 − 1
κ2
= 0. (2.78)
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Figure 2.6: Variation of d2 with respect to θ for the case considered in Fig.2.2
The second order problem now reduces to
w′′1 − (1−X0)w1 = −ig(1) · z − g(2) · z′, (2.79)
w′1 = −g(4) · z, on x2 = 0, (2.80)
w′′2 − (1−X0)w2 = −ig(1) · z′ − g(2) · z′′, (2.81)
w′2 = −ig(3) · z − g(2) · z′, on x2 = 0, (2.82)
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Figure 2.7: Variation of d0, d21 + d2 and d2 with respect to θ for the case considered in Fig.2.3
where
g(1)α = (κ
2 − 1)δ1α, g(2)α = (κ2 − 1)δ2α, g(3)α = λδ1α, g(4)α = µδ2α.
It is then easy to establish that the solutions are given by
w1 = s1x2e
ip1x2 + s2e
ip2x2 + s3e
ip3x2 ,
and
w2 = t1x2e
ip1x2 + t2e
ip2x2 + t3e
ip3x2 ,
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with
s1 = 0, s2 = i(2−X0), s3 = −2i
√
1−X0
√
1− X0
κ2
,
t1 = 0, t2 = i(X0 − 2)
√
1− X0
κ2
, t3 = 2i
√
1− X0
κ2
.
As a result, the expressions (2.57)–(2.61) can be evaluated explicitly to give c3 = 0, c2 = 0, and
c0 =
2cˆ0
2−X0 , c1 =
cˆ1
κ4
, c4 =
32(1− κ2)cˆ4
(X0 − 2)2(
√
1−X0 +
√
1− X0
κ2
)κ6
, (2.83)
where
cˆ0 =
√
1−X0 + 4(1− X0
κ2
)3/2 + (1−X0)3/2(2− X0
κ2
) + 7
√
1−X0(−1 + X0
κ2
),
cˆ1 = X
2
0 (14κ
2 − 4κ4) + 4X0(8− 14κ2 + 3κ4)− 8(4− 5κ2 + κ4),
cˆ4 = 52− 64κ2 + 12κ4 +X0(−44 + 81κ2 − 17κ4) +X20 (−8− 13κ2 + 4κ4).
By cross multiplication, followed by repeated use of (2.78) to eliminate powers of X0 higher
than 3, we have verified using Mathematica that our c4/c1 and c4/c0 are equal to Adams et al.’s
(2007) βA/B and A/C, respectively. The β is the wave number and this reinforce our previous
conclusion that the value of X1 is dependent on the wave number. Additionally, as a check on
our derivations, we have used the elastic moduli given by (2.44) to compute the coefficients for
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increasingly small γ and have obtained the same values as the above explicit expressions.
We observe that with d2 = 0 the sufficient condition (2.77) is satisfied automatically, and so
we may conclude that topography-guided surface waves always exist in an isotropic material.
This settles the existence question left open in Adams et al. (2007). We may further conclude
that when the geometric inhomogeneity is of sufficiently small amplitude, there can only exist
a single guided surface wave. Finally, it can easily be verified numerically that c0/c4 (=d0) is
positive for all κ >
√
4/3. We thus conclude that all topography-guided surface waves on an
isotropic elastic half-space travel at a slower speed than the classical Rayleigh wave (see (2.85)
below, and also Theorem 1 in Bonnet-Ben Dhia and Joly 1999).
2.6 Numerical results
We still focus on the case k = 1. The amplitude equation (2.68) is now solved subject to the
decay conditions r(±∞) → 0. We now use shooting method to numerically solve for X1 and
by comparing it with the analytical expression of X1 (2.76), both results are consistent with each
other. We first note that in the limit x3 → ±∞, equation (2.68) can be approximated by
r′′(x3) + d0X1r(x3) = 0. (2.84)
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It is clear that r(x3) will have the required decay behaviour as x3 → ±∞ only if
d0X1 < 0, (2.85)
and when this is satisfied we have
r(x3) ∼ e∓
√−d0X1x3 as x3 → ±∞. (2.86)
It then follows that if d0 < 0 the topography-guided surface waves travel at a lower speed than
their 2D counterpart; whereas if d0 > 0 then the topography-guided surface waves are faster
than their 2D counterpart. When h(x3) is an even function of x3, r(−x3) is a solution of (2.68)
whenever r(x3) is a solution. Thus, the eigen solutions of (2.68) are either even or odd. For the
even (symmetric) modes, we impose the condition
r(0) = 1, r′(0) = 0, (2.87)
and the decay behaviour through
e(X1) ≡ r′(L) +
√
−d0X1r(L) = 0, (2.88)
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where L is a sufficiently large positive constant and the first equation defines the error function
e(X1). In Mathematica, L is a finite number at which the amplitude is infinitesimal to approxi-
mate its decay behaviour at infinity. At the interval [0, L], for each fixed shooting parameter X1,
with ”NDSolve” e(X1) can be evaluated after integrating (2.68) subjected to the initial condi-
tions (2.87). We first plot e(X1) against X1 to show the approximate locations of any zeros and
then use Newton’s method to find the exact values of the zeros.
For the odd (anti-symmetric) modes, the initial conditions (2.87) are replaced by
r(0) = 0, r′(0) = 1, (2.89)
and we integrate (2.56) subject to the initial conditions (2.89) and iterate onX1 in order to satisfy
the decay condition (2.88).
When h(x3) is not an even function of x3, the eigen modes do not have any symmetry
properties. We may, for instance, integrate (2.68) subject to (2.88) and
r′(−L)−
√
−d0X1r(−L) = 0, (2.90)
respectively, and iterate on X1 so that the two solutions have the same gradient at a matching
point, say x3 = 0.
GUIDED RAYLEIGH WAVES IN AN ANISOTROPIC ELASTIC HALF-SPACE 75
The above numerical scheme is first tested on the eigenvalue problem
r′′(x3) + (−λ + n(n+ 1)sech2x3)r(x3) = 0, r(±∞) = 0, n integer, (2.91)
which has n eigenvalues given by λ = i2, (i = 1, 2, ..., n), with odd i corresponding to odd
modes and even i to even modes; see, e.g., Lamb (1980, p.37). Our scheme is able to reproduce
these exact results correctly. The numerical scheme is then applied to solve (2.68) for a variety
of h(x3) and different values of d1 and d2. Our numerical results confirm the validity of the
asymptotic formula (2.76) and the existence condition (2.77). In particular, we invariably find
that for h sufficiently small, the single eigenvalue tends to zero when d2 + d21 approaches zero
from above, and there is no eigenvalue when d2 + d21 ≤ 0.
We now present illustrative calculations for the composite material defined by (1.72) and for
the case when the topography is described by the ’Gaussian bump’ h(x3) = e−x
2
3 (recall that all
length variables have been scaled by the wavelength of the surface wave). When θ = 2.194◦, we
have d0 = 0.365 and the corresponding X1 must necessarily be negative. It is found that there
is only a single solution which is symmetric with X1 = −0.146 (the unit of X1 is 109N/m2)
and so the topography has the effect of reducing the 2D surface wave speed. The corresponding
profile of r(x3) is shown in figure 2.8.
When θ = 16.821◦, we have d0 = −0.750 and the corresponding X1 must necessarily be
positive. It is found that there exists one odd solution and one even solution, corresponding
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Figure 2.8: Lateral variation of the only topography-guided surface wave possible when θ =
2.194◦, whose speed is lower than its 2D counterpart (X1 = −0.146).
to X1 = 0.186 and X1 = 0.469, respectively. The topography has the effect of producing
two variations of the original 2D surface wave. Both waves have a higher speed than their 2D
counterpart and their lateral variations are shown in figure 2.9.
We have also carried out calculations for the silicon material defined by (1.73) for which
d2+d
2
1 < 0 for all values of θ. We have tried a large number of h profiles, such as h(x3) = e−x
2
3 ,
h(x3) = Sechx3 and h(x3) = Sech(x3 − 2) + Sech(x3 + 2), but have found no eigenvalues for
(2.68).
As the end of this chapter, I would like to highlight some beautiful findings besides the last
paragraph in Section 2.5 about isotropic materials, and point to possible future developments.
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Figure 2.9: Lateral variations of the two topography-guided surface waves possible when θ =
16.821◦, whose speeds are higher than their 2D counterpart. The anti-symmetric and symmetric
profiles correspond to the eigenvalues X1 = 0.186 and X1 = 0.469, respectively.
when doing numerical experiment on an anisotropic material in Mathematica, we found that
the coefficients c0,...c4 in the amplitude equation are no longer real but complex. To overcome
this difficulty, we tried writing the amplitude function in the polar form, the complex amplitude
equation is then transformed into a real one, which is beautiful because of its Schro¨dinger equa-
tion form. Inspired by previous research results on Schro¨dinger equation, we have (2.76), which
has been verified numerically using shooting method analyzing linear isotropic materials, trans-
versely isotropic materials and cubic materials. The existence condition of X1 given analytically
by (2.77) is also obtained.
There are still new questions left open in current anisotropic problem. Firstly, when the
x3 = 0 plane is not a plane of material symmetry, the present methodology does not apply.
Secondly, there is possibility that the coefficient of the second-order derivative term c4 in the
reduced eigenvalue problem vanishes, in which case a topography-guided surface wave, if it
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exists, may be expected to behave very differently.
Chapter 3
Waves propagating in an anisotropic plate
with elastically restrained boundary
conditions (ERBC)
In this chapter, we focus on wave propagation in an anisotropic plate with elastically restrained
boundary conditions. We use the Stroh formalism and we confine the problem to the two di-
mensional case. Unlike in the previous chapter where the wave number was scaled to be unity,
here the wave number becomes a variable in the expression of frequency or wave speed, and
the decay condition and traction free boundary condition do not have to be satisfied anymore.
The symmetry of material and boundary conditions enables us to decompose the implicit dis-
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persion relation into anti-symmetric and symmetric components. For each mode, by taking the
long wave limit of the dispersion relation, the solution branches are classified into two fami-
lies according to different cut-off frequencies: thickness shear and thickness stretch resonance
frequencies. In the short wave region, the behavior of wave solutions is also studied. Based
on numerical experiments, several asymptotic balances of the dispersion relation are possible.
Using a similar perturbation method to that employed for surface waves, our asymptotic expan-
sions of wave speed (or frequency) are established and can accurately predict the behavior of
wave solutions for linear isotropic and transversely isotropic materials in both long wave and
short wave regions.
3.1 Derivation of dispersion relation
Consider a plane strain problem concerning waves propagation along an arbitrary direction par-
allel to the face of an infinite plate. A Cartesian coordinate system Ox1x2x3 is chosen, with
origin O in the mid-plane and Ox2 normal to the faces of the plate. The plate has uniform
thickness 2h and is composed of linear homogeneous anisotropic elastic material with density
ρ and elastic moduli cijkl. The transition between traction-free (Neumann) boundary conditions
and fixed (Dirichlet) boundary conditions will be investigated by considering so-called elasti-
cally restrained boundary conditions (ERBC). This is essentially equivalent to having springs
supported on both faces, see Figure 3.1.
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Figure 3.1: The coordinate system of the plate
For the case of elastically restrained boundary conditions, we may assume that the boundary
conditions are given by
α1w2t1 +
δ1
h
u1 = 0, (3.1)
α2t2 +
δ2
w2h
u2 = 0, at x2 = h, (3.2)
α3w2t1 +
δ3
h
u1 = 0, (3.3)
α4t2 +
δ4
w2h
u2 = 0, at x2 = −h, (3.4)
where ti and ui are components of the traction on the upper or lower face and displacement on
xi direction, respectively; w2, different from the w2 in previous chapter, is an element in Stroh
matrix and will be defined later in (3.31); αi and δi are constants.
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The boundary conditions may be presented in matrix form
Dt+ Fu = 0, at x2 = h, (3.5)
Gt+Hu = 0, at x2 = −h, (3.6)
where
D =

−α1w2 0
0 α2

 , F =


δ1
h
0
0 − δ2
w2h

 , G =

−α3w2 0
0 α4

 , (3.7)
H =


δ3
h
0
0 − δ4
w2h

 , t =

 t1
t2

 ,u =

 u1
u2

 . (3.8)
To simplify our analysis, and allow decoupling of dispersion relations, symmetry of bound-
ary conditions is required. As a result, we will assume that D = G, F = H in later analysis.
This implies that α1 = α3, α2 = α4, δ1 = δ3, δ2 = δ4.
The displacement u(x1, x2) is assumed to have the general form
u(x1, x2) = z(kx2)e
ik(x1−υt), (3.9)
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with the traction on the upper face given by
t = σn1 = ci2kluk,l = (ikR
Tz(kh) + kTz′(kh))eik(x1−υt), (3.10)
and the traction on the lower face being obtainable as
−t = σn2 = −ci2kluk,l = −(ikRTz(−kh) + kTz′(−kh))eik(x1−υt), (3.11)
where n1 = (0, 1), n2 = (0,−1), and the matrices T, R, Q are defined by
Tik = ci2k2, Rik = ci1k2, Qik = ci1k1. (3.12)
We shall now define
t = −ikl(kx2)eik(x1−υt), (3.13)
so that
−il(kx2) = iRTz(kx2) + Tz′(kx2), (3.14)
which implies that
−il′(kx2) = iRTz′(kx2) + Tz′′(kx2). (3.15)
The minus sign on the right-hand side of equation (3.13) follows the notation of Lothe and
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Barnett’s (1976), which determines the signs of every element in N2 and N3 − ρv2I , and hence
the signs of H(x) and F (x). We remark that the sign of the right-hand side of equation (3.13)
has no influence on the sign of v¯, and hence the signs of q1, q2, Q(x), which results in the same
dispersion relation and the same asymptotic results for the frequency or v¯.
The two boundary conditions (3.5) and (3.6) may now be expressed as
iDl(kh)− 1
k
Fz(kh) = 0, iDl(−kh)− 1
k
Fz(−kh) = 0. (3.16)
Recalling the definitions (3.12), on substituting (3.9) into (1.12), we obtain
Tz′′(kx2) + i(R +RT )z′(kx2)− (Q− ρυ2I)z(kx2) = 0. (3.17)
It is now possible to substitute (3.15) into (3.17) to establish that
iRz′(kx2)− il′(kx2)− (Q− ρυ2I)z(kx2) = 0. (3.18)
Equation (3.14) is now employed to establish that
z′(kx2) = −iT−1RTz(kx2)− iT−1l(kx2), (3.19)
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which on substituting into (3.18), enables us to conclude that
l′(kx2) = −i(RT−1RT −Q+ ρυ2I)z(kx2)− iRT−1l(kx2). (3.20)
These two equations, (3.19) and (3.20), may now be incorporated into the form
iN

 z(kx2)
l(kx2)

 =

 z
′(kx2)
l′(kx2)

 , N =

 N1 N2
N3 − ρv2I NT1

 , (3.21)
where
N1 = −T−1RT , N2 = −T−1 = NT2 , N3 = −RT−1RT +Q. (3.22)
Equation (3.21), together with (3.22), is known as the Stroh formalism.
We assume a solution of the general form

 z(kx2)
l(kx2)

 = ζeikqx2. (3.23)
We note that the corresponding form of q in Mukhomodyarov et al. (2010) differs, with their
use of q instead of our iq on the right-hand side of (3.23). On substituting (3.23) into (3.21), we
WAVES PROPAGATING IN AN ANISOTROPIC PLATE 86
obtain
Nζα = qαζα, α = 1, 2, 3, 4, ζα =

 a
(α)
b(α)

 . (3.24)
The above eigenvalue problem may now be solved to find the values of q and the associated
eigenvectors a and b. The general solution is therefore given by

 z(kx2)
l(kx2)

 =
4∑
α=1
d˜α

 a
(α)
b(α)

 eikqαx2 , d˜α are constants. (3.25)
It follows that (using qˆα = iqα)
z(±kh) =
4∑
α=1
d˜αa
(α)(cosh(ηqˆα)± sinh(ηqˆα)), (3.26)
l(kh) =
4∑
α=1
d˜αb
(α)(cosh(ηqˆα) + sinh(ηqˆα)), (3.27)
l(−kh) = −
4∑
α=1
d˜αb
(α)(cosh(ηqˆα)− sinh(ηqˆα)), (3.28)
where η = kh.
We will now study orthotropic materials. We use the Voigt notation to present elastic moduli
with axes of symmetry along x1, x2, x3; 11 is replaced by 1, 22 by 2, 33 by 3, 23 by 4, 31 by 5
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and 12 by 6. For orthotropic materials, c16 = c26 = 0, and thus
Q =

c11 0
0 c66

 , R =

 0 c12
c66 0

 , T =

c66 0
0 c22

 , (3.29)
N1 =

 0 −1
w1 0

 , N2 =

w2 0
0 w3

 , N3 =

w4 0
0 0

 , (3.30)
where
w1 = −c12
c22
, w2 = − 1
c66
, w3 = − 1
c22
, w4 = c11 − c
2
12
c22
. (3.31)
Let v¯2 = −w2ρv2, κ =
√
−w2
−w3 . Using Mathematica, we find that q satisfies the equation
q4 + (2w1 − w4w2 − v¯2 − v¯
2
κ2
)q2 + (1− v¯2)(w21 −
v¯2
κ2
− w4w3) = 0, (3.32)
and we assume q3 = −q1, q4 = −q2. It is also found that
a(α) =

 H(qα)
F (qα)

 , b(α) =

 Q(qα)
1

 , (3.33)
where
H(x) =
x2 + w1 − v¯2w1
− v¯2
w2
− w4 − v¯2w2x2 + v¯
4
w2
+ v¯2w4
,
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Q(x) = x
w4 +
v¯2
w2
− v¯2
w2
w1
− v¯2
w2
− w4 − v¯2w2x2 + v¯
4
w2
+ v¯2w4
,
F (x) =
w2x
v¯2
+
w2Q(x)
v¯2
. (3.34)
On substituting the three equations (3.26)-(3.28), together with (3.33), into (3.16), we obtain
d˜1(−iα1w2Q(q1)− δ1η H(q1))E+1 + d˜2(−iα1w2Q(q2)− δ1η H(q2))E+2
+d˜3(iα1w2Q(q1)− δ1
η
H(q1))E
−
1 + d˜4(iα1w2Q(q2)−
δ1
η
H(q2))E
−
2 = 0, (3.35)
d˜1(iα2 +
δ2
w2η
F (q1))E
+
1 + d˜2(iα2 +
δ2
w2η
F (q2))E
+
2
+d˜3(iα2 − δ2
w2η
F (q1))E
−
1 + d˜4(iα2 −
δ2
w2η
F (q2))E
−
2 = 0, (3.36)
d˜1(iα1w2Q(q1)− δ1η H(q1))E−1 + d˜2(iα1w2Q(q2)− δ1η H(q2))E−2
+d˜3(−iα1w2Q(q1)− δ1
η
H(q1))E
+
1 + d˜4(−iα1w2Q(q2)−
δ1
η
H(q2))E
+
2 = 0, (3.37)
d˜1(−iα2 + δ2w2ηF (q1))E−1 + d˜2(−iα2 + δ2w2ηF (q2))E−2
+d˜3(−iα2 − δ2
w2η
F (q1))E
+
1 + d˜4(−iα2 −
δ2
w2η
F (q2))E
+
2 = 0, (3.38)
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where E+i = cosh(ηqˆi) + sinh(ηqˆi), E−i = cosh(ηqˆi)− sinh(ηqˆi).
If equations (3.35) and (3.37) are added and subtracted, while equations (3.36) and (3.38)
are added and subtracted, we obtain two systems: one system of two equations in (d˜1 + d˜3) and
(d˜2 + d˜4), the other system of two equations in (d˜1 − d˜3) and (d˜2 − d˜4), namely
( δ1
η
H(q1) cosh(ηqˆ1) + iα1w2Q(q1) sinh(ηqˆ1))(d˜1 + d˜3)
+(
δ1
η
H(q2) cosh(ηqˆ2) + iα1w2Q(q2) sinh(ηqˆ2))(d˜2 + d˜4) = 0, (3.39)
(iα2 cosh(ηqˆ1) +
δ2
w2η
F (q1) sinh(ηqˆ1))(d˜1 + d˜3)
+(iα2 cosh(ηqˆ2) +
δ2
w2η
F (q2) sinh(ηqˆ2))(d˜2 + d˜4) = 0. (3.40)
and
( δ1
η
H(q1) sinh(ηqˆ1) + iα1w2Q(q1) cosh(ηqˆ1))(d˜1 − d˜3)
+(
δ1
η
H(q2) sinh(ηqˆ2) + iα1w2Q(q2) cosh(ηqˆ2))(d˜2 − d˜4) = 0, (3.41)
(iα2 sinh(ηqˆ1) +
δ2
w2η
F (q1) cosh(ηqˆ1))(d˜1 − d˜3)
+(iα2 sinh(ηqˆ2) +
δ2
w2η
F (q2) cosh(ηqˆ2))(d˜2 − d˜4) = 0. (3.42)
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A non-trivial solution of (3.39) and (3.40) will exist provided
i
α2δ1
η
(H(q2)−H(q1)) coth(ηqˆ1) coth(ηqˆ2) + iα1δ2
η
(F (q1)Q(q2)− F (q2)Q(q1))
+(α1α2w2Q(q1) +
δ1δ2
w2η2
F (q1)H(q2)) coth(ηqˆ2)
−(α1α2w2Q(q2) + δ1δ2
w2η2
F (q2)H(q1)) coth(ηqˆ1) = 0. (3.43)
When (3.43) is satisfied, d˜1 − d˜3 = d˜2 − d˜4 = 0, and the solution for z(kx2) is given by
z(kx2) = d˜1

 H(q1) cosh(kqˆ1x2)
F (q1) sinh(kqˆ1x2)

+ d˜2

 H(q2) cosh(kqˆ2x2)
F (q2) sinh(kqˆ2x2)

 . (3.44)
Thus, we are able to conclude, from (3.44), that u2 is an odd function about the mid-plane. It
follows that (3.43) is the so-called symmetric dispersion relation. Classical extension shares
similar dispersion relation.
Similarly, a non-trivial solution of (3.41) and (3.42) will exist provided
i
α2δ1
η
(H(q2)−H(q1)) tanh(ηqˆ1) tanh(ηqˆ2) + iα1δ2
η
(F (q1)Q(q2)− F (q2)Q(q1))
+(α1α2w2Q(q1) +
δ1δ2
w2η2
F (q1)H(q2)) tanh(ηqˆ2)
−(α1α2w2Q(q2) + δ1δ2
w2η2
F (q2)H(q1)) tanh(ηqˆ1) = 0, (3.45)
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in which we have d˜1 + d˜3 = d˜2 + d˜4 = 0, and the general solution for z(kx2) is given by
z(kx2) = d˜1

 H(q1) sinh(kqˆ1x2)
F (q1) cosh(kqˆ1x2)

+ d˜2

 H(q2) sinh(kqˆ2x2)
F (q2) cosh(kqˆ2x2)

 . (3.46)
Thus u2 is even function about the mid-plane. It follows that (3.45) is the so-called anti-
symmetric dispersion relation, an analogue of so-called classical flexure or bending.
3.2 Long-wave analysis
For the analogue of classical non-fundamental solution branches, namely harmonics, a numeri-
cal experiment (Figure 3.2) shows that ρv2 →∞ as kh→ 0. In Mathematica, we use ”Contour-
Plot” to draw implicitly the dispersion relations of both anti-symmetric and symmetric motions.
Figure 3.2 describes the phase speed against the scaled wave number for a linear isotropic ma-
terial with κ =
√
3.5, where anti-symmetric and symmetric solutions are presented by dashed
lines and solid lines, respectively. The two lowest branches give description on the behaviour
of fundamental modes and it can be inferred that the long wave limit of phase speed in anti-
symmetric mode is zero while that in symmetric mode is a finite value. Equation (3.32) may be
used to establish that in the low wave number (long wave) region,
q21 = v¯
2 + q¯1 +O(v¯−2), q22 =
v¯2
κ2
+ q¯2 +O(v¯−2),
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Figure 3.2: A numerical experiment on isotropic material with κ =
√
3.5.
q1 = v¯ +
q¯1
2v¯
+O(v¯−3), q2 = v¯
κ
+
κq¯2
2v¯
+O(v¯−3), (3.47)
where
q¯1 = w2w4 +
w2(w
2
1 − 2w1) + w3
w2 − w3 , q¯2 =
2w1w3 − w21w2 − w3
w2 − w3 . (3.48)
Let us fix the frequency Ω = v¯η and compute the long-wave limit of the dispersion relations
WAVES PROPAGATING IN AN ANISOTROPIC PLATE 93
for two different types of motion. We keep higher order terms like
H(q1) ∼ O(1), F (q2)Q(q1) ∼ O(1), F (q2)H(q1) ∼ O(η), Q(q1) ∼ O(η−1), (3.49)
while omitting low order terms like
H(q2) ∼ O(η2), F (q1)Q(q2) ∼ O(η2), F (q1)H(q2) ∼ O(η3), Q(q2) ∼ O(η). (3.50)
Keeping the highest order terms, the anti-symmetric dispersion relation (3.45) is simplified into
(δ1 sin(Ω) + α1Ωcos(Ω))(α2κΩ sin
(
Ω
κ
)
− δ2 cos
(
Ω
κ
)
) = 0, (3.51)
while the symmetric dispersion relation is simplified into
(α1Ω sin(Ω)− δ1 cos(Ω))(δ2 sin
(
Ω
κ
)
+ α2κΩcos
(
Ω
κ
)
) = 0. (3.52)
Let us study a special case when α1 = α2 = 1, δ1 = 0, δ2 = δ.
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3.2.1 Anti-symmetric waves
Under the condition that α1 = α2 = 1, δ1 = 0, δ2 = δ, the dispersion relation (3.45) becomes
δ
η
(F (q1)Q(q2)− F (q2)Q(q1)) + w2Q(q1) tan(ηq2)− w2Q(q2) tan(ηq1) = 0. (3.53)
Solving the equation (3.51), we get
Λash =
(
n− 1
2
)
π, n = 1, 2, ... κΛast tan
(
Λast
κ
)
= δ. (3.54)
The first family (3.54)1 corresponds to the thickness shear resonance frequencies Λash that are
independent of δ. The second family, which is implicitly defined by equation (3.54)2, is asso-
ciated with thickness stretch resonance frequencies Λast. As δ → 0, we have tan
(
Λast
κ
)
→ 0
and Λast ≈ κnπ; the limiting case is of free faces (see Kaplunov et al. (1997)). As δ → ∞, we
have tan
(
Λast
κ
)
→∞ and Λast ≈ κ(n− 1/2)π; the limiting case is of fixed faces (see Kaplunov
(1995)). We focus on low mode number harmonics, which means that n is not too large.
To enable an asymptotic analysis to be carried out, we firstly correlate the magnitudes of η
and δ:
δ = δ0η
2m, δ0 = O(1), (3.55)
considering the three cases m = 1, m = −1 and m = 0. These corresponds to the nearly
traction-free faces case, the nearly fixed faces case and the transitional faces case.
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Case 1 nearly traction-free faces (m = 1):δ ∼ η2
The dispersion relation (3.53) may be rewritten as
δ0η(F (q1)Q(q2)− F (q2)Q(q1)) + w2Q(q1) tan(ηq2)− w2Q(q2) tan(ηq1) = 0. (3.56)
According to (3.49) and (3.50), there are three asymptotic long wave balances of the dispersion
relation. The first one is defined by
tan(ηq1) ∼ η, tan(ηq2) ∼ η, v¯ ∼ 1, (3.57)
and associated with a low-frequency fundamental mode. The tangents can be expanded into
Maclaurin series for small argument:
tan(ηq1) = ηq1 +
1
3
(ηq1)
3 +O((ηq1)5), tan(ηq2) = ηq2 + 1
3
(ηq2)
3 +O((ηq2)5). (3.58)
By substituting
v¯2 = v¯20 + v¯
2
2η
2 +O(η4), (3.59)
and (3.58) into the dispersion relation (3.56) and equating coefficients at every order of η2 we
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may obtain the unknown v¯0,v¯2. The asymptotic approximation for the phase speed is given by
v¯2 = δ0 +
1
3
(
− δ
2
0
κ2
− w2w4 − δ0(1 + q¯1 + q¯2 − w2w4)
)
η2 +O(η4), (3.60)
with the spurious root v¯2 = (q¯2 − q¯1)/(1− 1κ2 ) ignored.
The second asymptotic regime, dominated by thickness shear resonance frequencies Λash, is
reached when
tan(ηq1) ∼ v¯2, tan(ηq2) ∼ 1, v¯ ∼ 1
η
. (3.61)
As v¯ is large, we deduce that
Q(q1) ∼ v¯ 1− w1−1− q¯1 + w2w4 , Q(q2) ∼
( v¯
κ
)
·
(
1− w1
−1− q¯2 + w2w4 + v¯2(1− 1κ2 )
)
, (3.62)
F (q2)Q(q1) ∼
(w2
κ
)
·
(
1− w1
−1− q¯1 + w2w4
)
, (3.63)
we omit F (q1)Q(q2) because the order of it is lower than F (q2)Q(q1). We may expand ηq1 into
power series for small η, yielding
q1η = Λ
a
1 + φ2η
2 +O(η4), Λa1 =
(
n− 1
2
)
π, n = 1, 2, ... (3.64)
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where φ2 is unknown variable. The corresponding expansion for tan(ηq1) is given by
tan(ηq1) =
tan(Λa1) + tan(φ2η
2)
1− tan(Λa1) tan(φ2η2)
=
1 + tan(φ2η
2)
tan(Λa
1
)
1
tan(Λa
1
)
− tan(φ2η2)
=
−1
φ2η2
+O(1). (3.65)
According to (3.47)1,
v¯2 = q21 − q¯1 =
(
Λa1
η
+ φ2η
)2
− q¯1 = (Λ
a
1)
2
η2
+ 2Λa1φ2 − q¯1 +O(η2), (3.66)
then
v¯ =
Λa1
η
+ φ2η − q¯1η
2Λa1
+O(η3), (3.67)
q2 =
√
(q21 − q¯1)/κ2 + q¯2 =
Λa1
κη
+
−q¯1 + q¯2κ2 + 2Λa1φ2
2κΛa1
η +O(η3), (3.68)
tan(ηq2) = tan
(
Λa1
κ
)
+O(η2). (3.69)
Substituting expansions (3.64)-(3.69) into the dispersion relation (3.56), we obtain
φ2 =
1 + q¯1 − w2w4
κ(1− 1
κ2
) tan(
Λa
1
κ
)(Λa1)
2
. (3.70)
The approximation for frequency then takes the form
Ω2 = (Λa1)
2 + (2Λa1φ2 − q¯1)η2 +O(η4). (3.71)
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The third asymptotic regime is associated with thickness stretch resonance frequencies Λast and
may be characterized by
tan(ηq1) ∼ 1, tan(ηq2) ∼ v¯−2, v¯ ∼ 1
η
. (3.72)
The derivation procedure is similar to the previous thickness shear regime, except that the cut-
off frequencies are given by Λa2 = κnπ. The corresponding approximation for the frequency has
the form
Ω2 = (Λa2)
2 +
(
2δ0 − 2 tan(Λ
a
2)(1 + q¯1 − w2w4)
(1− 1
κ2
)Λa2
− κ2q¯2
)
η2 +O(η4). (3.73)
Case 2 nearly fixed faces (m = −1):δ ∼ η−2
The dispersion relation (3.53) may be rewritten as
δ0
η3
(F (q1)Q(q2)− F (q2)Q(q1)) + w2Q(q1) tan(ηq2)− w2Q(q2) tan(ηq1) = 0, (3.74)
which supports two possible asymptotic long wave balances. The first one results in thickness
shear resonance modes characterized by
tan(ηq1) ∼ v¯4, tan(ηq2) ∼ 1, v¯ ∼ 1
η
. (3.75)
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The associated approximation for frequency takes the form
Ω2 = (Λa1)
2 − q¯1η2 − 8
δ0
η4 +O(η6). (3.76)
The second asymptotic regime is characterized by
tan(ηq1) ∼ 1, tan(ηq2) ∼ v¯2, v¯ ∼ 1
η
. (3.77)
The associated asymptotic approximation for frequency is given by
Ω2 = (Λa4)
2 +
(
−q¯2κ2 − 2κ
2(Λa4)
2
δ0
)
η2 +O(η4), (3.78)
where Λa4 =
(
n− 1
2
)
κπ.
Case 3 transitional case (m = 0):δ = δ0 ∼ 1
The dispersion relation (3.53) may be rewritten as
δ0
η
(F (q1)Q(q2)− F (q2)Q(q1)) + w2Q(q1) tan(ηq2)− w2Q(q2) tan(ηq1) = 0. (3.79)
At certain values of δ = δ∗ a member of Λash may coincide with a member of Λast, thus it
is necessary to develop a uniform asymptotic expansion for such long-wave high frequency
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motions.
Thickness shear expansion
The classical asymptotic expansion allows the structure of
tan(ηq1) ∼ v¯2, tan(ηq2) ∼ 1, v¯ ∼ 1
η
. (3.80)
We expand every term of (3.79) into power series for small η, and equating the coefficient of
the lowest order terms of η to zero, an expression for φ2 may be obtained. The derivation is
quite similar to the thickness shear in Case 1, with one more term containing δ in the process of
obtaining φ2. Thus, when this is done we obtain
φ2 =
−1 − q¯1 + w2w4
(1− 1
κ2
)Λa3(δ − δ∗)
, δ∗ = κΛ
a
3 tan
(
Λa3
κ
)
, Λa3 =
(
n− 1
2
)
π. (3.81)
If δ is in the close vicinity of δ∗, φ2 becomes very large, and it is no longer suitable for φ2 to
appear with the O(η2) term of the expression in Ω2. If we then try
q1η = Λ
a
3 + φ2η +O(η2), and then tan(ηq1) ∼ v¯, (3.82)
so that the highest order we have only two terms: one containing δ and the other containing δ∗,
which offset each other. These two experiments inspire us to design a variable ǫ replacing φ2,
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and ǫ may vary between O(η) and O(1). As a result, it is established that
Ω = Λa3 + ǫη −
q¯1
2Λa3
η2 +O(ǫη3),
q2 =
Λa3
κη
+
ǫ
κ
+
κ2q¯2 − q¯1
2κΛa3
η +O(ǫη2), (3.83)
tan(ηq2) = tan
(
Λa3
κ
)
+
ǫη
κ cos2(
Λa
3
κ
)
+O(η2).
Substituting these expansions into the dispersion relation (3.79), we obtain the equation for ǫ
(
−κΛa3 tan(
Λa3
κ
)− (Λ
a
3)
2
cos2(
Λa
3
κ
)
)
ǫ2 +Λa3
(
δ − κΛa3 tan(
Λa3
κ
)
)
ǫ
η
+
1 + q¯1 − w2w4
1− 1
κ2
= 0. (3.84)
If we denote the smaller root of above equation as ǫ1 and the larger root as ǫ2, the following
simple condition enables selection of the correct root:
ǫ =


ǫ2, δ ≤ δ∗;
ǫ1, δ > δ∗.
(3.85)
Thickness stretch expansion
Unlike Case 1 and Case 2, the cut-off frequencies Λa4 are δ-dependent; they are, according
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to (3.54)2, defined through
κΛa4 tan
(
Λa4
κ
)
= δ. (3.86)
This is because for the transitional case, δ is neither zero nor ∞ in (3.54)2, which makes the
associated family of cut-off frequencies Λast δ-dependent. The classical asymptotic structure
tan(ηq1) ∼ 1, tan(ηq2) ∼ v¯−2, v¯ ∼ 1
η
, (3.87)
again fails to solve this problem. Similarly, to the thickness shear case, we introduce
ηq2 =
Λa4
κ
+ ǫη, and then tan(ηq2) =
δ
κΛa4
+
(
1 + (
δ
κΛa4
)2
)
ǫη, (3.88)
from which it follows that
v¯ =
Λa4
η
+ κǫ− κ
2q¯2
2Λa4
η, Ω = Λa4 + κǫη −
κ2q¯2
2Λa4
η2,
q1 =
Λa4
η
+ κǫ+
q¯1 − κ2q¯2
2Λa4
η, tan(ηq1) = tan(Λ
a
4) + κǫη(1 + tan
2(Λa4)). (3.89)
If these expansions are inserted into the dispersion relation (3.79), we obtain a quadratic equation
for ǫ, given by
(
−A tan(Λa4) +
B · A− κ2δ
Λa4
)
ǫ2 +
Aǫ
κη
+B tan(Λa4)−
δ
Λa4
(B + q¯2κ
2) = 0, (3.90)
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where
A = δ2 + κ2δ + κ2(Λa4)
2, B = (1 + q¯1 − w2w4)/(1− 1
κ2
).
If we denote the smaller root of the above equation as ǫ1 and the larger root as ǫ2, the following
simple condition enables selection of the correct root:
ǫ =


ǫ1, δ ≤ δ∗;
ǫ2, δ > δ∗.
(3.91)
3.2.2 Symmetric waves
The dispersion relation for the symmetric case is given by
δ
η
(F (q1)Q(q2)− F (q2)Q(q1)) + w2Q(q1) cot(ηq2)− w2Q(q2) cot(ηq1) = 0. (3.92)
Solving equation (3.52), we deduce that the relevant cut-off frequencies are given by
Λssh = nπ, n = 0, 1, 2, ... − κΛsst cot
(
Λsst
κ
)
= δ. (3.93)
The symmetric fundamental mode is obtained from (3.93)1 when n = 0. The first family (3.93)1
corresponds to the thickness shear resonance frequencies Λssh that are independent of δ. The sec-
ond family, which is implicitly defined by equation (3.93)2, is associated with thickness stretch
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resonance frequencies Λsst. The symmetric fundamental mode does not change its asymptotic
structure due to the effect of the normal restraint on the layer faces. Thus, the following long-
wave low-frequency expansion for the phase speed of fundamental mode is appropriate
v¯2 =
−∆1 −
√
∆21 − 4(δ − κ2)∆2
2(δ − κ2) +O(η
2), (3.94)
where
∆1 = κ
2 − κ2w2w4 + q¯2κ2δ + q¯1δ, ∆2 = κ2w2w4 + q¯1q¯2κ2δ,
is valid for all values of δ.
To proceed with an asymptotic analysis we again have to consider separately various possible
asymptotic balances of δ with respect to the scaled wave number η, as described by (3.55).
Case 1 nearly traction-free faces (m = 1):δ ∼ η2
In this case, the expansion of frequency related to thickness shear has the form
Ω2 = (Λs1)
2 −
(
2(1 + q¯1 − w2w4)
κ(1− 1
κ2
) cot(
Λs
1
κ
)(Λs1)
+ q¯1
)
η2 +O(η4). (3.95)
where Λs1 = nπ. This expression is quite similar to the corresponding one in the anti-symmetric
case, except replacing Λa1 with Λs1 and tan with − cot. The modes associated with thickness
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stretch have the following expansion
Ω2 = (Λs2)
2 +
(
2δ0 − 2 cot(Λ
s
2)(−1− q¯1 + w2w4)
(1− 1
κ2
)Λs2
− κ2q¯2
)
η2 +O(η4), (3.96)
where Λs2 = κ
(
n− 1
2
)
π.
Case 2 nearly fixed faces (m = −1):δ ∼ η−2
The thickness shear and thickness stretch mode expansions are very similar to the anti-
symmetric case, except that Λa1 must be replaced by Λs1 = nπ, and Λa4 by Λs4 = κnπ.
Case 3 transitional case (m = 0):δ = δ0 ∼ 1
The expansions for frequency within the vicinity of thickness shear and thickness stretch
modes are identical in form to those of the anti-symmetric case, which should be used with
slightly modified equations for ǫ. For the thickness shear modes ǫ is found from
(
κΛs3 cot(
Λs3
κ
)− (Λ
s
3)
2
sin2(
Λs
3
κ
)
)
ǫ2 + Λs3
(
δ + κΛs3 cot(
Λs3
κ
)
)
ǫ
η
+
1 + q¯1 − w2w4
1− 1
κ2
= 0, (3.97)
whereas for thickness stretch, (3.97) is replaced by
(
A cot(Λa4) +
B · A− κ2δ
Λa4
)
ǫ2 +
Aǫ
κη
− B cot(Λa4)−
δ
Λa4
(B + q¯2κ
2) = 0, (3.98)
in which Λs3 = nπ, Λs4 satisfies the relation (3.93)2.
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3.3 Short-wave analysis
Through numerical experiment, we find that as η →∞, for harmonics the velocity of both anti-
symmetric and symmetric motions, for all modes, approaches that of the associated shear wave
speed. While the velocity in fundamental modes approaches that of the associated surface wave
speed v¯r. Initially we focus on the behavior of fundamental modes. By intuition, it is helpful to
set v¯2 = v¯2r +
ϕ
η
to approximate the real behavior of short waves.
With the help of Mathematica, we are able to verify numerically that
2w1 − w4w2 − 1− 1
κ2
> 0, w21 −
1
κ2
− w4w3 > 0, (3.99)
for isotropic and transversely isotropic materials, such as Glass-Epoxy composite with any angle
θ. It then follows that in the subsonic region v¯ < 1, according to (3.32),
q21 + q
2
2 = −(2w1 − w4w2 − v¯2 −
v¯2
κ2
) < 0,
q21q
2
2 = (1− v¯2)(w21 −
v¯2
κ2
− w4w3) > 0, (3.100)
and we can infer that both q1 and q2 are pure imaginary. This also means that
lim
η→∞
tanh(ηqˆ1) = lim
η→∞
coth(ηqˆ1) = lim
η→∞
tanh(ηqˆ2) = lim
η→∞
coth(ηqˆ2) = −1. (3.101)
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Therefore, for sufficiently short waves both the anti-symmetric and symmetric dispersion rela-
tions tend to the same limit, given by
iα1α2w2(Q(q1)−Q(q2)) + i δ1δ2
w2η2
(F (q1)H(q2)− F (q2)H(q1))
+
α2δ1
η
(H(q2)−H(q1)) + α1δ2
η
(F (q1)Q(q2)− F (q2)Q(q1)) = 0. (3.102)
Equation (3.102) is the secular equation for surface waves propagating in an elastic anisotropic
half-space with elastically restrained boundary conditions. Numerically we find that as δ →∞,
there is no subsonic solution, so surface waves can not propagate along a fixed boundary. So we
remark that for short-waves with finite δ, as η → ∞, the influence of the elastically restrained
boundaries within dispersion relations (3.43) and (3.45) is relatively minor. In fact, what we
study here is the nearly traction-free case (for example, in the following numerical experiment
δ = 100, which is relatively small compared to η = 1000), so that we keep only the first term
in (3.102) as leading order term, which can be recognized as the classical Rayleigh secular
equation (free faces) when it is simplified within the isotropic case. From the expression of ϕ,
we deduce that in the short wave region the influence of the elastically restrained boundaries δ
only determines how fast the wave speed is approaching the classical surface wave speed (free
faces). Similar to Rayleigh wave speed vR for isotropic case, the short-wave limit of velocity v¯r
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is the solution at the leading order of
i(Q(q1)−Q(q2)) = 0. (3.103)
Substituting v¯2 = v¯2r + ϕη into (3.102), we obtain ϕ which is rather complicated and we will not
show it here. We have verified numerically that for all ν ∈ (−1, 1
2
), namely κ2 > 4
3
, ϕ is positive,
which means the velocity of surface wave grows as the wave number decreases. At some point
η∗, the velocity reaches 1 and the surface wave degenerates into a shear wave. When v¯ = 1,
q2 = i
√
−1 + 2w1 − w3w2 − w2w4, q1 vanishes, which makes (3.102) invalid. Thus, we have to
return back to original dispersion relations to determine η∗. The expansion for anti-symmetric
dispersion relation reads (
1− δ1δ2
α1α2
1
η2∗
)
tan(η∗q2) =
δ2
α2
q2
η∗
; (3.104)
while the expansion for symmetric dispersion relation reads
δ1δ2
α1α2
(−1 + q22 + w1 − w2w4)− (−1 + w1 − w2w4)(1 +
δ2
α2
q22)η
2
∗
+q2(−1 + w1 − w2w4)η∗(η2∗ −
δ1δ2
α1α2
) cot(η∗q2) = 0. (3.105)
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We still focus on the case when α1 = α2 = 1, δ1 = 0, δ2 = δ. As δ grows larger,
η∗ ∼ δ
√
−1 + 2w1 − w3
w2
− w2w4. (3.106)
3.4 Linear isotropic materials
The general results presented in Sections 3.2 and 3.3 will now be specialized to a linear isotropic
elastic material. This case has previously been studied by Mukhomodyarov et al. (2010) using a
procedure that is particularly developed for isotropic materials. We now show that our formulae
recover their results in this special case. For linear isotropic material, c16 = c26 = 0, by referring
back to (1.61), (3.31) and (3.48), we have
w1 = − λ
λ+ 2µ
, w2 = −1
µ
, w3 = − 1
λ + 2µ
, w4 = 4µ
(
1− µ
λ+ 2µ
)
, (3.107)
and
q¯1 = −1, q¯2 = −1, 1 + q¯1 − w2w4
1− 1
κ2
= 4, κ2 =
λ+ 2µ
µ
. (3.108)
In the long-wave analysis, regarding the dispersion relation for anti-symmetric modes given by
(3.53) in general, the specific isotropic form is given by
−δ
η
q2v¯
2 + (v¯2 − 2)2 tan(ηq2) + 4q1q2 tan(ηq1) = 0. (3.109)
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Case 1 nearly traction-free faces (m = 1):δ ∼ η2
By substituting (3.107) and (3.108) into the corresponding general results (3.60), (3.71) and
(3.73) for nearly traction-free faces, we obtain
fundamental waves v¯2 = δ0 +
(
4
3
− δ0 − (δ0 − 2)
2
3κ2
)
η2 +O(η4). (3.110)
thickness shear Ω2 = (Λa1)2 +
(
8
κ tan(
Λa
1
κ
)Λa1
+ 1
)
η2 +O(η4). (3.111)
thickness stretch Ω2 = (Λa2)2 +
(
2δ0 − 8 tan(Λ
a
2)
Λa2
+ κ2
)
η2 +O(η4). (3.112)
Case 2 nearly fixed faces (m = −1):δ ∼ η−2
By substituting (3.107) and (3.108) into the corresponding general results (3.76) and (3.78)
for nearly fixed faces, we obtain
thickness shear Ω2 = (Λa1)2 + η2 −
8
δ0
η4 +O(η6). (3.113)
thickness stretch Ω2 = (Λa4)2 +
(
κ2 − 2κ
2(Λa4)
2
δ0
)
η2 +O(η4). (3.114)
Figure 3.3 demonstrates anti-symmetric modes for a linear isotropic material with nearly traction-
free faces and nearly fixed faces. Both numerical and asymptotic solutions, either fundamental
mode, or thickness shear or thickness stretch, show very good agreement over a large wave num-
ber region.
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Figure 3.3: Comparison of the asymptotic solutions with the numerical solutions (dashed lines)
for κ =
√
3 and (a) δ = 10−4, (b) δ = 104.
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Case 3 transitional case (m = 0):δ = δ0 ∼ 1
Figure 3.4 displays anti-symmetric modes for a linear isotropic material in the transitional
case. We refer the reader to Figure 3.4 for the accurate prediction from the uniform asymptotic
expansion derived in equations (3.83) and (3.89).
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Ω
Figure 3.4: Comparison of uniform asymptotic solution and numerical solution (dashed lines)
when δ = 3 and κ =
√
3.
In the long-wave analysis, the dispersion relation for symmetric modes given by (3.92) in
general is specialized into isotropic form
−δ
η
q2v¯
2 + (v¯2 − 2)2 cot(ηq2) + 4q1q2 cot(ηq1) = 0. (3.115)
By substituting (3.107) and (3.108) into the corresponding general result (3.94) for fundamental
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mode, we obtain
fundamental mode v¯2 = κ
2(δ − 4) + 4
δ − κ2 +
(κ2 − 2)2(δκ2 − 4κ2 + 4)
3(κ2 − δ)3 η
2. (3.116)
Case 1 nearly traction-free faces (m = 1):δ ∼ η2
By substituting (3.107) and (3.108) into the corresponding general results (3.95) and (3.96)
for nearly traction-free faces, we obtain
thickness shear Ω2 = (Λs1)2 −
(
1− 8
κΛs1 cot(
Λs
1
κ
)
)
η2 +O(η4). (3.117)
thickness stretch Ω2 = (Λs2)2 +
(
2δ0 − 8 cot(Λ
s
2)
Λs2
+ κ2
)
η2 +O(η4), (3.118)
Case 2 nearly fixed faces (m = −1):δ ∼ η−2
The symmetric thickness shear and thickness stretch modes have the similar expansions as
in the anti-symmetric case, except that Λa1 must be replaced by Λs1 = nπ, and Λa4 by Λs4 = κnπ.
In the short-wave analysis, we are able to readily deduce that
v¯2 = v¯2R +
κ2v¯2R(v¯
2
R − 2)2
2(4− 4κ2 − 6κ2v¯4R + κ2v¯6R + 4v¯2R(3κ2 − 2))
(
δ1
α1
√
1− v¯2R +
δ2
α2
√
1− v¯
2
R
κ2
)
1
η
+O(η−2), (3.119)
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and this result is equivalent to (6.4) in Moukhomodiarov et al. (2010); with (3.106) now given
by
η∗ ∼ δ
√
κ2 − 1
κ
. (3.120)
The short wave behavior for an isotropic material with κ =
√
3, in respect of anti-symmetric and
symmetric fundamental modes is presented in Figure 3.5. In addition, the asymptotic expansion
(3.119) form a dashed line in the figure.
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Figure 3.5: Anti-symmetric and symmetric fundamental modes shown together with surface
and shear wave speeds, as well as asymptotic expansion (3.119) (dashed line) for δ = 100 and
κ =
√
3.
WAVES PROPAGATING IN AN ANISOTROPIC PLATE 115
3.5 Transversely isotropic materials
In the previous chapter, x3 = 0 is symmetry plane and the fibre is in the (x1, x2) plane, while
for the plate, x2 = 0 is symmetry plane, with the fibre direction in the (x1, x3) plane. This
geometrical set-up ensures material symmetry and the decoupling of dispersion relations. The
angle between the fibre and x1 axis is θ, so m = (cos θ, 0, sin θ). When the angle θ is 90◦, the
problem is essentially reduced to that of an isotropic material. We use previous materials as
examples for numerical illustration of the variation of θ on phase speed or frequency, and com-
pare asymptotic expansions of frequency with the numerical solution. For a linear transversely
isotropic material, c16 = c26 = 0. By referring back to (1.71), (3.31) and (3.48), we have
w1 =
−λ− α cos2 θ
λ+ 2µT
, w2 = − 1
µT + (µL − µT ) cos2 θ , w3 = −
1
λ+ 2µT
,
w4 = λ+ 2µT + 2α cos
2 θ + 4(µL − µT ) cos2 θ + β cos4 θ − (λ+ α cos
2 θ)2
λ+ 2µT
, (3.121)
and
κ2 =
λ+ 2µT
µT + (µL − µT ) cos2 θ ,
1 + q¯1 − w2w4
1− 1
κ2
=
(α + 4(λ+ µT ) + α cos(2θ))
2
(2λ− µL + 3µT − (µL − µT ) cos(2θ))2 . (3.122)
We study Glass-Epoxy composite. From (3.122)1 we know that κ changes with θ.
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3.5.1 Long wave analysis for anti-symmetric modes
To avoid redundant and similar derivation to that presented in previous sections, we only presents
two cases for anti-symmetric modes in the long wave analysis, while the analysis for symmetric
modes are omitted.
Case 1 nearly traction-free faces (m = 1):δ ∼ η2
Figure 3.6 illustrates tan
(
Λa
1
κ
)
in (3.70) against θ for a transversely isotropic material with
nearly traction-free faces. In the long wave region, for anti-symmetric waves, tan
(
Λa
1
κ
)
in
(3.70) vanishes to zero at certain value θ0 (see Figure 3.6) (κ ≈ 32 ), which means that the cut-off
frequency of the thickness shear branch (3
2
π) coincides with that of thickness stretch branch (κπ).
Within a certain interval near θ0, the classical asymptotic expansion fails to provide accurate
approximation to the numerical solution because φ2 in (3.70) is too large or does not exist. We
focus on the low frequency region 0 ≤ Ω ≤ 10, where only the first three harmonics exist. In this
region, it is only when Λa1 = 32π that tan
(
Λa
1
κ
)
vanishes. Figure 3.7 describes the anti-symmetric
wave solutions for a transversely isotropic material with nearly traction-free faces and θ = 15◦.
Through our numerical calculation, it is found that for θ ∈ [0, 20◦] or θ ∈ [70◦, 90◦], the classical
asymptotic expansion gives a very good approximation to the numerical solution, see Figure 3.7.
In the interval θ ∈ [20◦, 70◦], a new asymptotic expansion based on the method used to establish
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Figure 3.6: tan(Λ
a
1
κ
) vanishes at θ0 = 42.019◦ and Λa1 = 32π.
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Figure 3.7: Comparison of the asymptotic solutions with the numerical solutions (dashed lines)
for δ = 10−4 and θ = 15◦.
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(3.82) is needed. For thickness shear, we note that
ηq1 =
3
2
π + ǫ, and then tan(ηq1) = − cot(ǫ),
Ω = v¯η =
√
q21 − q¯1η =
3
2
π + ǫ− q¯1
3π + 2ǫ
η2,
q2 =
√
(q21 − q¯1)/κ2 + q¯2 =
3π + 2ǫ
2κη
+
κ2q¯2 − q¯1
κ(3π + 2ǫ)
η, (3.123)
and then
tan(ηq2) = tan(
3π + 2ǫ
2κ
).
Similarly, for the thickness stretch expansion, we deduce that
ηq2 = π + ǫ, tan(ηq2) = tan(ǫ), Ω = π + ǫ− q¯2κ
2(π + ǫ)
η2,
q1 =
κ(π + ǫ)
η
+
q¯1 − κ2q¯2
2κ(π + ǫ)
η, tan(ηq1) = tan(κ(π + ǫ)). (3.124)
The quadratic equations, analogous to (3.84), are too large and for brevity we will not show them
here. Figure 3.8 demonstrates the anti-symmetric wave solutions for a transversely isotropic
material with nearly traction-free faces and θ = 45◦, and it can be seen that the new asymptotic
expansions (3.123) and (3.124) give much better approximation to numerical solution (dashed
lines) than classical ones.
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Figure 3.8: Comparison of both classical and new asymptotic solutions with the numerical so-
lutions (dashed lines) for δ = 10−4 and θ = 45◦.
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Figure 3.9: Comparison of the asymptotic solutions with the numerical solutions (dashed lines)
for δ = 4 and θ = 15◦.
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Case 2 transitional case (m = 0):δ ∼ 1
When θ = 15◦, δ∗ = 3.81, we set δ = 4. A transversely isotropic material in transitional
case and θ = 15◦ is studied in Figure 3.9 and it can be inferred that the uniform asymptotic
expansion for anti-symmetric modes again works well to deal with such material.
3.5.2 Short wave
In the short wave region, the reader is referred to Figure 3.10 for the variation of η∗ against θ,
and it can be inferred that η∗ decreases as θ increases. The reader is also referred to Figure 3.11
for the variation of v¯r against θ, and it can be deduced that v¯r decreases slowly as θ increases.
For a Glass-Epoxy composite with θ = 45◦ in transitional case, the short wave behavior of both
anti-symmetric and symmetric fundamental modes is demonstrated in Figure 3.12. The dashed
line represents the asymptotic expansion, which shows excellent approximation to numerical
solution in the short wave region.
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Figure 3.10: η∗ against θ when δ = 100.
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Figure 3.11: v¯r against θ for a transversely isotropic elastic solids.
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Figure 3.12: Anti-symmetric and symmetric fundamental modes shown together with surface
and shear wave speeds, as well as asymptotic expansion (dashed line) for δ = 100 and θ = 45◦.
Chapter 4
Waves propagating in a pre-stressed
incompressible plate with ERBC
In this chapter, we focus on wave propagation in a pre-stressed incompressible plate with elasti-
cally restrained boundary conditions. The Stroh formalism is a very effective tool to deal with a
pre-stressed material, with the effect of pre-stress incorporated in the Stroh matrix. By substitut-
ing the equations of motion with pre-stressed elements into the elastically restrained boundary
conditions discussed in Chapter 3, the dispersion relations are derived. Similarly to Chapter 3,
asymptotic expansions of wave frequency or speed are established for a neo-Hookean material
to predict its behavior in both the long wave and short wave regions. Numerical analysis shows
that our asymptotic schemes are very successful in providing accurate approximations of wave
speed or frequency over a wider range of wave number than might be expected.
123
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4.1 Derivation of dispersion relation
We again use the Stroh formalism to solve the problem of wave propagation in incompress-
ible pre-stressed plates with ERBC. The basic equations for wave propagation in a pre-stressed
incompressible elastic plate can be found in Rogerson and Fu (1995) or Rogerson (1997). How-
ever, within our analysis, use is made of a different method–the Stroh formalism. Stroh formal-
ism has been used for pre-stressed media before, see Chadwick (1997). Similar to the previous
chapter, let the incremental traction on the upper surface be given by
t = −ikl(kx2)eik(x1−υt), (4.1)
and according to (1.36), its components can be simplified into the linearized form
ti = A2ilkuk,l + p¯u2,i − p∗δ2i, on x2 = ±h. (4.2)
The incremental displacement u(x1, x2) is assumed to have the general form
u(x1, x2) = z(kx2)e
ik(x1−υt). (4.3)
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The incremental pressure p∗(x1, x2) is assumed to have the form
p∗(x1, x2) = kP (kx2)eik(x1−υt). (4.4)
Let m = (1, 0), n = (0, 1), and
Tik = A2i2k + p¯(n⊗ n), Rik = A1i2k + p¯(n⊗m), Qik = A1i1k + p¯(m⊗m). (4.5)
Because of the pairwise symmetry property of Ajilk in (1.33), we note that T12 = T21, Q12 =
Q21. Making use of (4.5), we can derive from (4.2) and (4.1) that
−il(kx2) = A2i2kz′(kx2) + iA2i1kz(kx2) + p¯(i(z(kx2) · n)m+ (z′(kx2) · n)n)− P (kx2)n
= Tz′(kx2) + iRTz(kx2)− P (kx2)n, (4.6)
which implies that
−il′(kx2) = Tz′′(kx2) + iRTz′(kx2)− P ′(kx2)n. (4.7)
We can now establish from (1.42) that
iz1(kx2) + z
′
2(kx2) = 0, iz
′
1(kx2) + z
′′
2 (kx2) = 0. (4.8)
WAVES PROPAGATING IN A PRE-STRESSED INCOMPRESSIBLE PLATE 126
With the help of (4.8), the linearized equations of motion can be written as
Tz′′(kx2) + i(R +RT )z′(kx2)− (Q− ρ0υ2I)z(kx2)− iP (kx2)m− P ′(kx2)n = 0. (4.9)
It is now possible to substitute (4.7) into (4.9), to deduce that
l′(kx2) = Rz′(kx2) + i(Q− ρ0υ2I)z(kx2)− P (kx2)m. (4.10)
Equation (4.6) may now be employed to establish that
z′(kx2) = −iT−1RTz(kx2)− iT−1l(kx2) + P (kx2)T−1n, (4.11)
which on substituting into (4.10), enables us to conclude that
l′(kx2) = −i(RT−1RT −Q+ ρ0υ2I)z(kx2)− iRT−1l(kx2)+P (kx2)(RT−1n−m). (4.12)
Equation (4.8)1 can be rewritten as
im · z(kx2) + n · z′(kx2) = 0. (4.13)
Multiplying both sides of equation (4.11) with the vector n on the left hand side, and making
WAVES PROPAGATING IN A PRE-STRESSED INCOMPRESSIBLE PLATE 127
use of (4.13), we obtain
P (kx2) = iτ((−m + nT−1RT ) · z(kx2) + nT−1 · l(kx2)), (4.14)
where τ = 1n·T−1n . On substituting (4.14) into (4.11) and (4.12), and using the definition of the
tensor product, we obtain
z′(kx2) = i(−T−1RT + τ(T−1n)⊗ (−m+ nT−1RT ))z(kx2)
+i(−T−1 + τ(T−1n)⊗ (nT−1))l(kx2), (4.15)
and
l′(kx2) = i(−RT−1RT +Q− ρ0υ2I + τ(RT−1n−m)⊗ (−m+ nT−1RT ))z(kx2)
+i(−RT−1 + τ(RT−1n−m)⊗ (nT−1))l(kx2). (4.16)
The two equations (4.15) and (4.16) may now be incorporated into the form
iN

 z(kx2)
l(kx2)

 =

 z
′(kx2)
l′(kx2)

 , N =

 N1 N2
N3 − ρ0v2I NT1

 , (4.17)
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where
N1 = −T−1RT + τ(T−1n)⊗ (−m+ nT−1RT ), (4.18)
N2 = −T−1 + τ(T−1n)⊗ (nT−1) = NT2 , (4.19)
N3 = −RT−1RT +Q+ τ(RT−1n−m)⊗ (−m+ nT−1RT ). (4.20)
Making use of Mathematica, we obtain
N1 =


T12−R11
T11
−R21
T11
−1 0

 , N2 =

−
1
T11
0
0 0

 ,
N3 =

−
(T12−R11)2
T11
−Q11 + 2R12 − T22 (T12−R11)R21T11 +Q12 −R22
(T12−R11)R21
T11
+Q12 − R22 Q22 − R
2
21
T11

 . (4.21)
With (1.55), the matrices T , R, Q given by (4.5), are represented in the form
T =

λ¯
−2 0
0 2λ¯−2 − σ¯2

 , R =

 0 0
λ¯−2 − σ¯2 0

 , Q =

λ¯
2 + λ¯−2 − σ¯2 0
0 λ¯2

 , (4.22)
with N1, N2 and N3 now becoming
N1 =

 0 −λ¯
2(λ¯−2 − σ¯2)
−1 0

 , N2 =

−λ¯
2 0
0 0

 ,
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N3 =

λ¯
2 + 3
λ¯2
− 2σ¯2 0
0 λ¯2 − λ¯2(λ¯−2 − σ¯2)2

 . (4.23)
If we now let v¯2 = ρ0v2, Mathematica may again be used to obtain the eigenvalue qi and the
corresponding eigenvector a(i) and b(i) of Stroh matrix N , thus
q1 = i, q2 = λ¯
√
v¯2 − λ¯2, q3 = −q1, q4 = −q2, (4.24)
a(1) = − λ¯
2
U1

 1
q1

 , b(1) =


q1U2
U1
1

 ,
a(2) =
λ¯2
U2

 1
− 1
q2

 , b(2) =

 −
U1
q2U2
1

 ,
a(3) = − λ¯
2
U1

 1
−q1

 , b(3) =

 −
q1U2
U1
1

 ,
a(4) =
λ¯2
U2

 1
1
q2

 , b(4) =


U1
q2U2
1

 , (4.25)
where
U1 = λ¯
2(v¯2 − λ¯2)− 1 + λ¯2σ¯2, U2 = 2− λ¯2σ¯2. (4.26)
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It should be noted that (4.24)2 describes the value of q2 when v¯ > λ¯. When v¯ < λ¯,
q2 = iλ¯
√
λ¯2 − v¯2, qˆ2 = iq2 = −λ¯
√
λ¯2 − v¯2. (4.27)
In a similar manner to that employed in the previous chapter, after substituting three equations
(3.26)-(3.28), together with (4.25), into the elastically restrained boundary condition (3.16), we
finally arrive at the dispersion relation. The dispersion relation for anti-symmetric motion is
(−α1α2 U1
q2U2
+
δ1δ2λ¯
4
η2U1U2q2
) tanh(ηqˆ1) + q1(
δ1δ2λ¯
4
η2U1U2
− α1α2U2
U1
) tanh(ηqˆ2)
−iα2δ1λ¯
2
η
(
1
U1
+
1
U2
) tanh(ηqˆ1) tanh(ηqˆ2)− iα1δ2q1λ¯
2
ηq2
(
1
U1
+
1
U2
) = 0, (4.28)
with d˜1 + d˜3 = d˜2 + d˜4 = 0 (an analogue of our result at the end of Section 3.1) and
z(kx2) = d˜1
−λ¯2
U1

 sinh(kqˆ1x2)
q1 cosh(kqˆ1x2)

 + d˜2 λ¯2U2

 sinh(kqˆ2x2)
− 1
q2
cosh(kqˆ2x2)

 ; (4.29)
while the dispersion relation in symmetric mode is
(−α1α2 U1
q2U2
+
δ1δ2λ¯
4
η2U1U2q2
) coth(ηqˆ1) + q1(
δ1δ2λ¯
4
η2U1U2
− α1α2U2
U1
) coth(ηqˆ2)
−iα2δ1λ¯
2
η
(
1
U1
+
1
U2
) coth(ηqˆ1) coth(ηqˆ2)− iα1δ2q1λ¯
2
ηq2
(
1
U1
+
1
U2
) = 0, (4.30)
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with d˜1 − d˜3 = d˜2 − d˜4 = 0 (an analogue of our result at the end of Section 3.1) and
z(kx2) = d˜1
−λ¯2
U1

 cosh(kqˆ1x2)
q1 sinh(kqˆ1x2)

 + d˜2 λ¯2U2

 cosh(kqˆ2x2)
− 1
q2
sinh(kqˆ2x2)

 . (4.31)
We still focus on the special case when α1 = α2 = 1, δ1 = 0, δ2 = δ. For anti-symmetric
waves, when v¯ < λ¯, the dispersion relation becomes
−U21 tanh(η) + iq2U22 tanh(ηqˆ2)−
δ
η
λ¯2(U1 + U2) = 0; (4.32)
when v¯ > λ¯, the dispersion relation becomes
U21 tanh(η) + q2U
2
2 tan(ηq2) +
δ
η
λ¯2(U1 + U2) = 0. (4.33)
For symmetric waves, when v¯ < λ¯, the dispersion relation becomes
−U21 coth(η) + iq2U22 coth(ηqˆ2)−
δ
η
λ¯2(U1 + U2) = 0; (4.34)
when v¯ > λ¯, the dispersion relation becomes
U21 coth(η) + q2U
2
2 cot(ηq2) +
δ
η
λ¯2(U1 + U2) = 0. (4.35)
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To derive an asymptotic expansion, we firstly correlate the magnitudes of η and δ:
δ = δ0η
2m, δ0 = O(1). (4.36)
4.2 Long-wave analysis
Let us fix the frequency Ω = v¯η. The cut-off frequency for anti-symmetric motion is given
by Λ
a
1
λ¯
, with the cut-off frequency for symmetric motion Λ
s
1
λ¯
. Let λ¯ = 0.8 and σ¯2 = 1 in the
subsequent numerical analysis. Numerically we find that δ ∼ η2 and δ ∼ 1 have almost the
same effect on the asymptotic long wave behavior, so we only focus on the former case. Also,
according to our numerical results, the fundamental modes are more sensitive to variation in
σ¯2 than are harmonics. Firstly, the fundamental modes for both anti-symmetric and symmetric
waves only exist when σ¯2 ∈ [−∞, 2.6]; secondly, when σ¯2 ∈ [−∞, 0.6], the fundamental
mode for anti-symmetric wave starts to exist from a certain positive value η0 instead of 0, and
η0 becomes larger as σ¯2 decreases; thirdly, the intersection point of the fundamental mode for
symmetric waves and the v¯ axis moves upward as σ¯2 decreases.
4.2.1 Anti-symmetric waves
Case 1 nearly traction-free faces (m = 1):δ ∼ η2
There are two asymptotic regimes to balance the dispersion relation in this case. The first
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one is defined by
tanh(η) ∼ η, tanh(ηqˆ2) ∼ −η, v¯ ∼ 1, (4.37)
and associated with low-frequency fundamental mode. Using both the value of q2 and dispersion
relation when v¯ < λ¯, the asymptotic approximation for the phase speed is given by
v¯2 = λ¯2 − δ0 − (λ¯
2σ¯2 − 1)2
λ¯2
+
(λ¯2σ¯2 − 1)((λ¯2σ¯2 − 1)(λ¯2σ¯2 − 2)2 + δ0λ¯2(λ¯2σ¯2 − 3))
3λ¯2
η2,
while a spurious root v¯2 = λ¯2− 1
λ¯2
has been ignored. This asymptotic expansion shows excellent
agreement with the numerical solution only for σ¯2 ∈ [0.6, 2.6].
The second asymptotic regime is related to the harmonics under the condition that v¯ > λ¯, and
following traditional method, is defined by
tanh(η) ∼ η, tan(ηq2) ∼ v¯2, v¯ ∼ 1
η
. (4.38)
The asymptotic approximation for the phase speed is given by
Ω =
Λa1
λ¯
+
λ¯3
2Λa1
η2 +
(λ¯2σ¯2 − 2)2
(Λa1)
3λ¯
η2. (4.39)
If we try a similar method used for the corresponding part in transversely isotropic material
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Figure 4.1: Comparison of asymptotic solutions with the numerical solutions (dashed lines) for
fundamental modes of anti-symmetric (lower lines) and symmetric (upper lines) waves when
δ = 10−4, λ¯ = 0.8 and σ¯2 = 1.
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Ω
Figure 4.2: Comparison of both traditional and new (thick line) asymptotic solutions with the
numerical solutions (dashed line) for first harmonic when δ = 10−4, λ¯ = 0.8 and σ¯2 = 1.
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analysis, we will define
q2 =
Λa1 + ǫ
η
, tan(ηq2) = − cot(ǫ), Ω = Λ
a
1 + ǫ
λ¯
+
λ¯3η2
2(Λa1 + ǫ)
. (4.40)
After solving a quadratic equation and choosing the correct ǫ, we get a better approach to nu-
merical solution than traditional asymptotic result, see Figure 4.2.
Case 2 nearly fixed faces (m = −1):δ ∼ η−2
The asymptotic regime is related to harmonics under the condition that v¯ > λ¯, and is defined
by
tanh(η) ∼ η, tan(ηq2) ∼ v¯4, v¯ ∼ 1
η
. (4.41)
The asymptotic approximation for the phase speed in this case is given by
Ω =
Λa1
λ¯
+
λ¯3
2Λa1
η2. (4.42)
4.2.2 Symmetric waves
Case 1 nearly traction-free faces (m = 1):δ ∼ η2
In this case there are two asymptotic regimes to balance the dispersion relation. The first is
associated with low-frequency fundamental mode with v¯ < λ¯. The appropriate leading order
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Figure 4.3: Comparison of asymptotic solution with the numerical solutions (dashed line) for
first harmonic when δ = 104, λ¯ = 0.8 and σ¯2 = 1.
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Figure 4.4: Anti-symmetric (dashed lines) and symmetric (solid lines) solutions for δ = 10−4,
λ¯ = 0.8 and σ¯2 = 1.
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asymptotic approximation for the phase speed is given by
v¯2 = λ¯2 +
3
λ¯2
− 2σ¯2 − δ − (λ¯
2σ¯2 − 2)2
3λ¯2
η2,
while the spurious root v¯2 = λ¯2 − 1
λ¯2
has again been ignored. With Mathematica, it can be
verified that the asymptotic approximation for the phase speed in fundamental mode is the same
when v¯ > λ¯. This asymptotic expansion shows excellent prediction for all values of σ¯2 that we
have tried in the numerical experiment. The second asymptotic regime is related to harmonics
under the condition that v¯ > λ¯. The asymptotic approximation for the phase speed is given by
Ω =
Λs1
λ¯
+
λ¯3
2Λs1
η2. (4.43)
4.3 Short-wave analysis
From Figure 4.4, as η is increasing, all harmonics of both anti-symmetric and symmetric waves
approach λ¯, while the fundamental modes meet at η∗ from both sides and stabilize themselves
at v¯ = v¯r, which is quite different from the short wave behavior in the previous chapter.
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4.3.1 Fundamental modes
It is simple to show that
lim
η→∞
tanh(η) = lim
η→∞
coth(η) = 1, lim
η→∞
tanh(ηqˆ2) = lim
η→∞
coth(ηqˆ2) = −1, (4.44)
so both anti-symmetric and symmetric dispersion relations tend to the same limit at v¯ = v¯r, thus
from (4.32)-(4.35) we deduce that in the limit η →∞
U21 + iq2U
2
2 = 0, (4.45)
which by solving we obtain v¯r.
When λ¯ = 0.8, tanh(−ηqˆ2) < tanh(η), as η increases, tanh(η) firstly approaches the limit
1; as η is even larger at η∗, tanh(−ηqˆ2) also approaches the limit 1, then (4.45) is satisfied.
Numerically we find that δ has little influence on η∗ and η∗ ∼ 3
λ¯
√
λ¯2−v¯2r
. When σ¯2 is around
1.56, v¯r = λ¯ (see Figure 4.5) and q2 = 0, fundamental modes approach v¯ = λ¯ as harmonics
do, which means they meet at η∗ = ∞, as shown in Figure 4.6. It is remarked that the plateau
in Figure 4.5 is not flat and σ¯2 ≈ 1.56 is its peak point, which is the reason why the blow up
behaviour only occurs at σ¯2 ≈ 1.56 in Figure 4.6.
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Figure 4.5: v¯r against σ¯2 when λ¯ = 0.8.
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Figure 4.6: η∗ against σ¯2 when λ¯ = 0.8.
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4.3.2 Harmonics
From the numerical results, it would seem that as η →∞ for all modes of both anti-symmetric
and symmetric motion v¯ → λ¯. Thus, q2 is infinitesimal and could be regarded as q2 ∼ O(η−1).
We find that provided δ is not too large, the influence of elastically restrained boundaries is small
for short waves, which means δ ∼ η−2 and δ ∼ 1 share the same asymptotic expansion of phase
speed with free faces (Rogerson and Fu 1995).
Anti-symmetric waves
To balance the dispersion relation, we set tan(ηq2) ∼ η, and it is assumed that
ηq2 = Λ
a
1 + φε, tan(ηq2) = −
1
φε
. (4.46)
After substituting these into the dispersion relation, we obtain
φ =
Λa1(λ¯
2σ¯2 − 2)2
(λ¯2σ¯2 − 1)2
, (4.47)
and the asymptotic expansion of phase speed
v¯2 = λ¯2 +
(Λa1)
2
λ¯2
ε2 +
2(Λa1)
2(λ¯2σ¯2 − 2)2
λ¯2(λ¯2σ¯2 − 1)2
ε3. (4.48)
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Symmetric waves
Following the same procedure, we obtain the asymptotic expansion of phase speed
v¯2 = λ¯2 +
(Λs1)
2
λ¯2
ε2 − 2(Λ
s
1)
2(λ¯2σ¯2 − 2)2
λ¯2(λ¯2σ¯2 − 1)2
ε3. (4.49)
Both the anti-symmetric and symmetric approximations (4.48) and (4.49) are shown to provide
excellent short wave agreement with the numerical solution in Figure 4.7.
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Figure 4.7: Comparison of the asymptotic solutions with the numerical solutions (dashed lines)
for first harmonic of anti-symmetric (a) and symmetric (b) waves when δ = 10−4, λ¯ = 0.8 and
σ¯2 = 1.
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